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Pulmonary hypertension (PH) is a deadly disease, which as it progresses over time alters
many aspects of the afflicted heart, and particularly the right ventricle (RV), such as its size,
shape, and mechanical material properties. However, due to the limitations of what can be
measured noninvasively in a standard clinical setting and the difficulty caused by the intrin-
sic complexity of the human RV, there has been little success to-date to identify clinically
obtainable metrics of RV shape, deformation, or material properties that are quantitatively
linked to the onset and progression of PH. Towards addressing this challenge, this work pro-
poses the use of the shape and shape change of the RV, which is measurable from standard
clinical imaging, along with statistical analysis and inverse material characterization strate-
gies to identify new metrics of RV mechanical function that will be uniquely predictive of the
state of the heart subject to PH. Thus, this thesis can be broken into two components: the
first is statistical shape analysis of the RV, and the second is inverse characterization of heart
wall mechanical material properties from RV shape change and measurable hemodynamics.
For the statistical shape analysis investigation, a custom approach using harmonic mapping
and proper orthogonal decomposition is applied to determine the fundamental components
of shape (i.e., modes) from a dataset of 50 patients with varying states of PH, including
some without PH at all. For the inverse characterization work, a novel method was devel-
oped to estimate the heterogeneous properties of a structure, given only the target shape
of that structure, after a known excitation is applied to deform the structure. Lastly, the
inverse characterization algorithm was extended to be applicable to actual in vivo cardiac
data, particularly through the inclusion of a registration step to account for the organ-scale
rotation and translation of the heart. Future work remains to expand on the computational
efficiency of this inverse solution estimation procedure, and to further evaluate and improve
upon the consistency and clinical interpretability of the material property estimates.
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1.0 Introduction
Pulmonary Hypertension (PH) is a severe cardio-pulmonary illness affecting a wide range
of people in all ages and racial populations, which has a significant affect on the mechanics
of the heart. One of the most critical issues in the study and treatment of PH is that there
is limited capability to judge both the early stages of this deadly disease, as well as the
likelihood of progression to heart failure. PH is known to affect the size and shape, as well
as the material properties of the heart, particularly the right ventricle (RV). As such, the
mechanical functional state of the RV is thought to be a major determinant of symptoms
and survival rates for PH. Although this natural and common hypothesis that the in vivo
RV mechanics are important to better understanding PH, advances in utilizing this informa-
tion have been relatively limited. There has been little success to-date to identify clinically
obtainable metrics of RV deformation or material properties as a means to detect the on-
set and progression of PH. One likely significant limiting factor is that while some aspects
of cardiovascular mechanics can be measured and/or estimated well, there is currently no
trusted, clinically applicable method to accurately and consistently quantify the mechanical
properties of the human RV in vivo. Towards addressing this challenge, this work develops
and evaluates two parallel strategies to quantify RV mechanical function and its relation-
ship to PH. The first strategy seeks to quantify the shape of the RV and to statistically
evaluate the relationship between this shape and the state of PH, including the potential
for heart failure. The second strategy seeks to quantify the mechanical material properties
(e.g., elasticity) of the RV wall from clinically obtainable in vivo imaging and hemodynamic
measurements by developing a novel inverse material characterization approach.
The statistical shape analysis component utilized a previously developed computational
framework for the quantitative analysis and statistical decomposition of sets of 3D non-
uniform and irregular shapes that combines a harmonic mapping approach directly with
proper orthogonal decomposition. This analysis approach was applied to a unique 50-patient
clinically obtained dataset considering the RV endocardial surface (RVES) at two points
within the cardiac cycle, end diastole and end systole. The particular focus of this work was
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to identify any and all features of the RVES shape that were statistically correlated to the
traditional measures of the state of PH (e.g., hemodynamic measures, including pulmonary
arterial pressure), and more importantly, the patient outcome, as defined by hospitalization
with heart failure and/or death. The material characterization component required the de-
velopment of a new strategy for inverse mechanical material property estimation that would
be applicable to standard (e.g., untagged) medical imaging data and measurable excitation.
To this end, an optimization-based inverse solution estimation algorithm was developed to
estimate mechanical material properties by matching the shape change in an object due to
a known excitation. This inverse solution estimation algorithm was first evaluated using
simulated (i.e., in silico) inverse problems. Then, the inverse solution estimation algorithm
was extended to be applicable to real clinical imaging data and hemodynamic measures that
would be acquired for a standard patient with suspected PH. In particular, the algorithm
included an approach to facilitate the use of simplified forward simulations of RV mechanics
and efficiently and consistently evaluate general heterogeneity of the properties through-
out the heart wall. The final inverse solution estimation algorithm was evaluated through
application to two patient datasets, one with normal hemodynamic function and one with
severe PH. The following chapters present the details of these methods and evaluates their
effectiveness for the quantification of the in vivo mechanical properties of the human RV in
relation to the state of PH.
2
2.0 Right Ventricular Feature Quantification by Shape Analysis Methods:
Feasibility and Preliminary Associations with Clinical Outcome
Statistical shape analysis techniques are applied to a unique clinically obtained dataset
to identify distinguishing features of the right ventricle (RV) shape as related to hemody-
namic and outcome data. The goals of this pilot study are to demonstrate the feasibility of
this technique to generate unique shape modes describing the RV and describe preliminary
associations with clinical outcomes for pulmonary hypertension (PH). Steady state free pre-
cession cardiovascular magnetic resonance cine imaging in the short axis were acquired from
50 patients, of whom 33 had a clinical diagnosis of PH, and contemporaneous right heart
catheterization data was acquired for all patients. To define outcome, all-cause mortality and
hospitalization for heart failure were determined by clinical chart review. RV endocardial
borders were manually segmented, and three-dimensional RV surfaces were reconstructed
at end-diastole and end-systole for all patients. Registration and harmonic mapping was
then used to create a quantitative correspondence between all RV surfaces in the dataset,
and proper orthogonal decomposition was performed to generate unique modes describing
various shape features of the RV. The results show that the shape analysis techniques can de-
rive unique descriptors of RV shape in the form of modes corresponding to specific physically
meaningful features. More importantly, the modes are seen to quantify features of shape that
had been previously only qualitatively noted to relate to progression of PH. These modes
describing features of the RV shape are further shown to correlate with clinically relevant
measures of RV status, as well as clinical outcomes. Overall, these results motivate and lay
the groundwork for further validation in undifferentiated cohorts.
3
2.1 Introduction
Pulmonary Hypertension (PH) is a severe and progressive cardio-pulmonary illness with
a high mortality and morbidity rate. PH describes high blood pressure in the arteries of
the lungs from any cause and is defined by a mean pulmonary arterial pressure (PAP) of
above 25 mmHg at rest, as assessed by right heart catheterization [27]. The signs and
symptoms of PH in its early stages may not be noticeable for months or even years, and if
left untreated, the resultant cardiopulmonary disease can be deadly [18]. Moreover, despite
significant advances in both pathogenesis and treatment of PH over the past decade, right
ventricular (RV) failure remains the most common fatal pathway in PH and a clear indicator
of where this is likely to occur does not currently exist. A further understanding of features
associated with the transition from a pressure overloaded, adapted RV to a dilated and
failing RV is required to help identify patients at risk of RV-related heart failure and match
them with appropriate therapies [62].
The current gold standard for PH diagnosis, catheterization, is necessarily invasive and
requires hospital inpatient admission. Questions have also been raised regarding the consis-
tency and efficacy of right heart catheterization given the wide variation in methodologies
employed across different clinical practices, and therefore there is scope for research into
non-invasive alternatives. The ongoing advancement and increased availability of three-
dimensional (3D) image-based techniques such as cardiac magnetic resonance (CMR) and
3D echocardiography enables faster and more accurate assessment of RV structure nonin-
vasively. However, at present these techniques are primarily used to quantify the size and
function of the RV, and do not give fine structural detail [1], nor are they used in diagno-
sis. A recent review found that simple cardiac function indicators achieved by commonplace
non-invasive procedures allowed only approximate estimation of right heart catheterization-
derived parameters [54], and the current medical consensus is that CMR can be helpful in the
diagnosis of PH only when used in conjunction with other techniques, including right heart
catheterization and echocardiography [31, 27]. It is, however, accepted that the development
of more advanced imaging tools will increase our understanding of the pathophysiological
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features that contribute to RV failure in PH [31]. Developing a reliable, clinically-accepted,
non-invasive gold-standard for PH diagnosis would be a landmark in automated disease
diagnostics.
PH noticeably alters the shape and function of the RV. For example, the RV experiences
hypertrophy in response to increased PAP, and this causes a flattening of the base of the ven-
tricle [59, 60]. The hypertensive RV is also more spherical and has increased cross-sectional
area at the mid and basal ventricular segments. Unfortunately, the complex shape and struc-
ture of the RV poses a challenge to traditional two-dimensional imaging, and consequently,
compared to the left ventricle (LV), there have been few studies characterizing RV shape and
function, and no long-term studies on the relation of the RV to relative patient outcome.
Yet, a series of different measurements have been explored to study the change in RV shape
and function in patients suffering from PH.
RV shape parameters, such as geometric shortening, have been associated with PH prog-
nosis [42] and Vonk-Noordegraaf et al. [63] showed that right heart failure is related to
functional adaptation of the RV. CMR studies have identified a significant difference be-
tween longitudinal and circumferential RV systolic function in PH [43]. Fernandez-Friera et
al. [23] noted that apical right ventricular dysfunction occurred even in the presence of a
normal global right ventricular ejection fraction (RVEF) in patients with PH. Moreover, the
basal segments of the right ventricle showed either no change or a slightly increased end-
systolic volume, implying some degree of compensation to maintain normal global RVEF.
There have been additional attempts to characterise RV shape change and to identify rela-
tionships between the extent of geometrical alteration and the degree of pathology [38, 70, 2].
For example, Leary et al. [38] identified an RV shape common to PH which is typified by
greater eccentricity and bulging at the base and apex of the ventricle.
Although several studies on RV shape and function clearly exist, the majority only cal-
culate shape parameters, without comprehensive shape analysis. Alternatively, more recent
efforts have attempted to used more generalized statistical and machine learning strategies to
explore the relationship between PH and RV shape and function. In particular, Wu et al. [69]
developed and evaluated a statistical shape analysis algorithm involving image alignment,
topological mapping, and proper orthogonal decomposition to analyze RV shape features
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and their dependence on the state of PH. Alternatively, Dawes et al. [20] used a supervised
machine learning algorithm to determine if patient survival and mechanisms of RV failure
in PH could be predicted using 3D patterns of systolic cardiac motion.
The knowledge on RV dysfunction in chronic pressure overload is progressing; however,
there is still much to be understood. It remains unknown why some patients with severe
PH are still able to maintain near normal cardiac outputs over a long period of time, while
others experience rapid decompensation and death [17]. There are cases in which, despite
mounting clinical evidence to show the presence of a change in RV shape and/or function
suspected to be linked to pathological states, clinicians and scientists have been unable to
find measurable, quantitative features that can discriminate the various states of pathology
sufficiently to alter treatment methods and thus patient outcomes. The core hypothesis of
the present work is that generalized quantitative analysis of RV shape and function could
help in resolving these limitations in the diagnosis and prognosis of PH at an early stage.
Using the framework established by Wu et al. [69] for statistical shape analysis of the RV,
the aim of this study is to evaluate a unique dataset of clinically obtained CMR images and
assess correlation of the shape features extracted from the RV with a range clinical mea-
surements and patient outcome. Thereby, this work seeks to establish a baseline hypothesis
for the predictive capability of shape features of the RV to estimate the state of PH and
likelihood of adverse outcomes on which to build from with future large-scale patient stud-
ies. The following section briefly details the methodology of the statistical shape analysis
and Section 2.3 details the clinically obtained dataset of CMR and other clinical measures
utilized. Section 2.4 presents and discusses the results of the statistical shape analysis along
with further statistical investigation of the significance of the shape features extracted in
relation to the clinically obtained patient characteristics (e.g., hemodynamic measures) and
adverse outcomes, which is followed by concluding remarks.
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2.2 Methodology
The shape analysis framework used herein was developed by Wu et al. [69, 70, 68].
The overall workflow is shown in Figure 1. Given a dataset of medical images, first, a
three-dimensional closed-surface representation of the shape of interest (the right ventricle
in this work) is extracted, or segmented from each set of medical images. Next, the set of
shapes are aligned/registered and a correspondence is established between each shape by
topologically mapping each shape to a common reference domain. Lastly, the set of mapped
shapes are statistically decomposed to identify a set of shape features and their corresponding
significance for each shape in the dataset (i.e., coefficients).
2.2.1 Segmentation and Mesh Generation
The present work applied this shape analysis approach to assess variations in shape of
the human right ventricle endocardial surface (RVES). The endocardial surface was cho-
sen due to the relatively higher contrast of the blood-tissue boundary for the endocardial
surface, which leads to this surface being extracted more accurately than the epicardial sur-
face. The surfaces were obtained by manually segmenting the RVES from each imaging
dataset, interpolating the slices, and then smoothing the interpolated surfaces using a stan-
dard recursive and discrete Gaussian filter within the commercial medical image processing
software Simpleware (Synopsis Ltd., Exeter, UK). Manual segmentation was used to ensure
that the most anatomically accurate representations of the RVES shape were segmented
within the constraints of the medical image quality, and all segmentation was overseen by a
trained cardiologist. Although details of the shape analysis framework are available in the
references provided, the critical details of the remaining steps are given in the following for
completeness.
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Figure 1: Overall statistical shape analysis procedure.
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2.2.2 Registration
An iterative closest point (ICP) rigid registration algorithm [9, 10] was applied in the
present study to align the set of RVES shapes to remove the effects of organ-level size, orien-
tation, and position from the shape analysis. The ICP method uses rotation and translation
to match a specified model (i.e., template), in this case a randomly selected RVES from
the dataset, by minimizing the sum of square errors between the points on the model and
the data being registered to it. First, each RVES shape was normalized (i.e. scaled) with
respect to its internal cavity volume. Then, a rotation tensor and translation vector were
determined to align each RVES to the template.
2.2.3 Topological Mapping
A harmonic mapping method (described in Wu et al. [69]) was applied to create a cor-
respondence between all RVES shapes in the dataset. This approach was chosen as it can
build correspondence with relatively high anatomical consistency in contrast to alternate
methods [68], particularly if the statistical decomposition is applied directly to the mapped
shapes without further processing, as was done in this analysis. The harmonic mapping ap-
proach utilizes the fact that the closed RVES surface is topologically equivalent to a sphere,
and each RVES can therefore be uniquely mapped to the surface of a unit sphere. As such,
the correspondence between any three-dimensional location on the surface of a given RVES
and the two-dimensional location on the unit sphere can be determined from the solution of
the following two Laplace’s equations, which give spherical coordinates, θ (latitude) and φ
(longitude):
∇2θ(~x) = 0, ∀ ~x ∈ Ωk ∇2φ(~x) = 0, ∀ ~x ∈ Ωk, (2.1)
where Ωk ⊂ R3 is the k th continuous, 3D, non-overlapping closed RVES domain and ~x
are the standard Cartesian coordinates with respect to the origin for the given surface.
This harmonic mapping requires at minimum two reference points, the north pole (Γn)
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and the south pole (Γs) for the latitude mapping and a reference line, referred to as the
dateline (Γd), for the longitude mapping to define the boundary conditions for the Laplace’s
equation. As the dateline represents where the longitude passes 360 degrees, it has a non-
unique mapped value on the sphere. Therefore, the surface is cut along the dateline to create
two independent, non-overlapping boundaries: an east dateline (Γd)and a west dateline (Γ
o
d).
The values of the spherical coordinates along these references are assigned as:
θ = 0, ∀ ~x ∈ Γn, θ = pi, ∀ ~x ∈ Γs, φ = 0, ∀ ~x ∈ Γd, φ = 2pi, ∀ ~x ∈ Γod. (2.2)
In choosing these boundary conditions to be anatomical reference points, the analysis can
be considered anatomically consistent across the dataset. Thus, for the analysis herein the
anterior border between the free wall and septum of the RV with endpoints at the intersection
with the pulmonary valve and apex was used as the dateline, and the intersection points
were the poles. The poles and dateline were selected manually, to again ensure the most
anatomically accurate representation was obtained. In addition, standard finite element
analysis was used to solve the Laplace’s equations for each RVES.
After mapping, the one-to-one correspondence can be inverted so that any given RVES
(~x ∈ Ωk) can be described continuously with respect to a common domain for all RVES as
a shape function as:
~x = ~x(θ, φ), ∀ θ ∈ [0, pi] and φ ∈ [0, 2pi]. (2.3)
As such, every RVES in the dataset can be quantitatively compared in a consistent manner.
2.2.4 Statistical Decomposition
Prior work has shown that less common statistical decomposition methods, specifically
independent component analysis (ICA) [67], can provide alternate interpretations of the
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shape features important to a dataset that may be significant. However, the present study
applied the far more common proper orthogonal decomposition (POD) approach. POD
can be interchangeably referred to as principal component analysis (PCA) or Karhunen
Loeve transform, but the term POD is used herein to emphasize its application to the
continuous form of the mapped shape functions (rather than the discrete form typical of
PCA) and the use of the method of snapshots, which is relatively common in POD. The
form of decomposition applied assumes that any shape function from the dataset could be
decomposed as follows:
~xk(θ, φ) = ~xµ(θ, φ) +
m∑
i=1
aki ~υi(θ, φ), (2.4)
where the translation function, ~xµ, was chosen to be the mean of all RVES shapes, and
aki is the coefficient that best approximates the k
th shape function with the ith mode, ~υi.
POD identifies the basis (i.e. modes) that minimizes the average difference between each
dataset and the best approximation of the dataset using the basis (i.e., projection onto the
modes). As noted, the method of snapshots was applied to form an n-dimensional eigenvalue
problem, where n is the number of shapes in the dataset, to be solved to identify the set
of POD modes. The eigenvalue corresponding to each mode is a measure of the relative
importance of that mode to reconstructing all shapes in the dataset. Therefore, a typical
rule is to consider the modes with the largest corresponding eigenvalues, such that the
summation of the eigenvalues of the modes considered is in the range of 99% of the total
sum of all eigenvalues in the set.
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2.3 Clinical Dataset
2.3.1 Data Acquisition
Patients referred for clinically indicated cardiac imaging and right heart catheterization
were prospectively enrolled in an observational study approved by our Institutional Review
Board. Both procedures were performed on the same day or 1 day apart from each other.
Cardiovascular magnetic resonance (CMR) was performed by dedicated CMR technologists
on a short-wide bore 1.5-Tesla Siemens Magnetom Espree (Siemens Medical Solutions, Erlan-
gen, Germany) equipped with a 32-channel cardiac coil. Standard breath-held cine imaging
was acquired with steady-state free precession in the short axis orientation spanning the base
to apex (6 mm slice thickness, 4 mm skip). Typical imaging parameters included 30 phases
per R-R interval, matrix 256 by 144, flip angle 51 degrees, TE 1.11 ms, and acceleration
factor 3. All images were deidentified prior to use.
2.3.2 Population Characteristics
A total of 50 patients were selected for analysis in this study. Table 1 summarizes the
population characteristics that were considered. The presence of PH was defined by a mean
pulmonary arterial pressure (PAP) greater than 25 mmHg. 33 patients were diagnosed with
PH based on this criterion and 17 classified as Non-PH. Furthermore, there was a mixture
of Group 1 (7 patients) and Group 2 (26 patients) within the PH cohort. Group classifi-
cations are described in Simonneau et al. [60], with Group 2 suffering from PH due to left
heart disease as determined by a pulmonary capillary wedge pressure (PCWP) greater than
15 mmHg. Additional clinical measures assessed due to their potential link to PH included
mean right atrial pressure (RAP), thermodilution estimate of cardiac index (THERCI), right
ventricle ejection fraction (EF), brain natriuretic peptide (BNP), and patient age. It is im-
portant to note that this dataset is a dataset of convenience. Patients and their associated
hemodynamic characteristics were extracted from previously collected clinical data rather
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Table 1: Characteristics of the 50-patient population, divided by classification of diagnosed
with pulmonary hypertension (PH) or without pulmonary hypertension (No PH), including
mean pulmonary arterial pressure (PAP), pulmonary capillary wedge pressure (PCWP),
mean right atrial pressure (RAP), thermodilution estimate of cardiac index (THERCI), right
ventricle ejection fraction (EF), brain natriuretic peptide (BNP), and patient age, showing
the mean value and the range in parentheses.
PH (n=33) No PH (n=17)
PAP (mmHg) 38.2 (28 - 71) 19.6 (11 - 25)
PCWP (mmHg) 20.3 (5 - 32) 10.6 (1 - 17)
RAP (mmHg) 14.0 (5 - 40) 4.9 (1 - 12)
THERCI (L/min/m2) 2.5 (1.3 - 4.6) 2.8 (1.7 - 3.9)
EF (%) 40.6 (14.6 - 72.9) 56.4 (35.8 - 76.7)
BNP (pg/mL) 806 (14 - 3636) 445 (17 - 1249)
Age (years) 58 (18 - 79) 57 (28 - 79)
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than a designed study. Thus, although 17 patients were not hypertensive, all patients had
medical reason for evaluation for PH and none of the 50 patients would be classified as
healthy.
Patients were also analyzed based on clinical outcome within 6 years of the date of
image acquisition of mortality and/or hospitalization for heart failure (HHF) in one group
and the remaining patients in the other. All cause mortality was determined by clinical
chart review by staff supervised by both a PH specialist and general cardiologist. HHF
was determined according to criteria utilized in prior studies [36]. Incident HHF required
physician documentation of: (1) symptoms and physical signs consistent with heart failure,
such as shortness of breath or rales, (2) supporting clinical findings, such as pulmonary
edema on chest radiography, or (3) therapy for heart failure, such as diuretics. 10 patients
from the cohort suffered HHF and 17 died, 4 of whom also suffered HHF, resulting in 23
total patients in the adverse outcome group.
Figures 2 and 3 show the classifications of the patients in terms of PH and outcome,
respectively, with respect to the PAP and PCWP measures. Although more deaths occurred
among patients with PH and a trend toward more HHF for patients with PH was observed as
well, there is no clear correlation between the primary hemodynamic measures and patient
outcome. This lack of clear correlation highlights the acknowledged challenge of predicting
patient outcome using only standard clinical measures, particularly blood pressure alone.
2.4 Shape Analysis Results and Discussion
Statistical shape analysis was applied to each of the 50 patients at two phases of the
cardiac cycle: end-systole and end-diastole, forming a total dataset of 100 shapes. The
RVES shape at end-diastole of a patient in the cohort with normal hemodynamics was
randomly selected as the template for the remaining 99 shapes in the ICP rigid registration
process.
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Figure 2: Classification of the patients in the dataset as being diagnosed as not having
pulmonary hypertension (No PH), having Group 1 PH, or having Group 2 PH, with respect
to the mean pulmonary arterial pressure (PAP) and the pulmonary capillary wedge pressure
(PCWP).
2.4.1 Modal Decomposition
Figure 4 shows the cumulative modal energy (i.e., the ordered sum of the eigenvalues up
to the corresponding mode number divided by the sum of all eigenvalues) of the 100 modes
obtained from the statistical shape analysis. As is typical, based on the cumulative modal
energy, a relatively small number of modes are necessary to capture the variation in shape
throughout the dataset of 50 patient’s RVES at end-diastole and end-systole. Only the first
6 modes are required to capture over 90% of the cumulative energy, the first 10 capture over
96%, the first 15 capture over 98%, and the first 20 capture over 99%. However, as the
objective is to identify the shape features that relate to the state of PH and overall health,
regardless of importance to overall shape reconstruction (i.e., regardless of whether the mode
represents a relatively small component of the overall shape), it was necessary to consider
more modes than would be necessary for accurate reconstruction. As such, in the following
analyses the first 15 modes were retained and evaluated.
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Figure 3: Classification of the patients in the dataset by outcome of having been hospitalized
for heart failure and/or having died (HHF and/or Death) or having neither occur (No HHF
or Death), with respect to the mean pulmonary arterial pressure (PAP) and the pulmonary
capillary wedge pressure (PCWP).
Figure 4: The cumulative modal energy corresponding to each of the RVES shape modes.
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2.4.2 Significance of RVES Shape Modes in Predicting the State of PH
Pearson product moment correlation coefficients were calculated to determine whether
any shape modes were significantly correlated with the state of PH, patient outcome, and
hemodynamic variables. These Pearson values were calculated between each population
characteristic variable and modal coefficients corresponding to each of the first 15 modes
using the statistical analysis software IBM SPSS Statistics for Windows, version 26 (IBM
Corp., Armonk, N.Y., USA). Initially, the statistical analysis was performed considering
the modal coefficients for each patient’s end-systole shape and end-diastole shape separately
and combined as an average. This preliminary analysis showed a more significant correlation
between the patient characteristics and the modal coefficients of each patientO˜s end diastole
shape than the end systole shape or the two combined. Therefore, only the results for the
end diastole modal coefficients are considered further herein.
Figure 5 shows a graphical representation of the resulting correlation matrix for the
end-diastole shape modal coefficients and the patient characteristics. The absolute value of
the correlation coefficients is shown to emphasize the strength of the correlation, without
accounting for the direction of the correlation, making it easier to compare variables. Quali-
tatively, a clear correlation can be observed between the hemodynamic variables (PAP, RAP,
PCWP, THERCI, and EF), and to a lesser extent, between the hemodynamic variables and
BNP. Such results are expected as the hemodynamic parameters are physically linked to
eachother. The only patient characteristic that appears significantly correlated with patient
outcome is age, which again, is unsurprising as age is known to be strongly correlated with
likelihood of dying in a given year [24]. With regard to the modal coefficients, some modes
are significantly correlated to each other, but relatively few show significant correlation to
any of the patient characteristics. Of these, Modes 13 and 8 stand out in particular as relat-
ing to the state of PH. Mode 13 was significantly correlated with PAP (Pearson correlation
r48 = 0.424, p = 0.002), PCWP (r48 = 0.349, p = 0.013), and THERCI (r48 = −0.284,
p = 0.045). Most importantly, Mode 13 also had the highest correlation of all variables
other than age with outcome (r48 = 0.438, p = 0.001). Alternatively, Mode 8 was not sig-
nificantly correlated with outcome (r48 = 0.209, p = 0.145), but was correlated with the
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Figure 5: Absolute value of the magnitude of the Pearson correlation coefficient between
each of the first 15 modal coefficients corresponding to the end-diastole shape and the patient
characteristics.
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(a) (b)
Figure 6: (a) The free wall and septum view of the magnitude of mode 8 (color contours)
plotted on the mean RVES shape and (b) the mean RVES shape with mode 8 subtracted,
the mean RVES shape, and the mean RVES shape with mode 8 added.
hemodynamic variables used to classify the PH Groups: PAP (r48 = 0.429, p = 0.002) and
PCWP (r48 = 0.399, p = 0.004). Additionally, Modes 8 and 13 were moderately positively
correlated to each other (r48 = 0.469, p = 0.001), suggesting that the occurrence of a positive
coefficient for Mode 8 also predicts a positive coefficient for Mode 13.
To interpret the relationship between the significant modes and RVES shape, Figures 6
and 7 show the effect of Modes 8 and 13, respectively, with regard to how they change the
mean RVES shape. More specifically, the Figures show the spatial distribution of the shape
change from the mean contributed by each mode as well as examples of the resulting change
in the shape of the RVES by adding (i.e., having a positive corresponding coefficient) or
subtracting (i.e., having a negative corresponding coefficient) each mode. It can be seen
that Mode 8 contributes to an expansion of the free wall relative to the septum, such that
a positive mode 8 coefficient leads to a rounder RVES, while a negative Mode 8 coefficient
leads to a thinner RVES. Mode 13, meanwhile, affects more of the overall shape than Mode
8, clearly changing both free wall and septum. A positive Mode 13 coefficient appears to
flatten the septum to produce a more ‘D’-shaped RVES, while a negative Mode 13 coefficient
appears to increase the crescent-like shape of the RVES.
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(a) (b)
Figure 7: (a) The free wall and septum view of the magnitude of mode 13 (color contours)
plotted on the mean RVES shape and (b) the mean RVES shape with mode 13 subtracted,
the mean RVES shape, and the mean RVES shape with mode 13 added.
2.4.2.1 Relationship between Shape and Existence of PH To examine the rela-
tionship between the two significant modes and PH, Figures 8 and 9 show PH classification
with respect to PAP and the end diastole modal coefficient value for Modes 8 and 13, re-
spectively. There is a distinct positive correlation between PAP and the coefficients of
both modes. As such, patients with PH were significantly more likely to have a positive
coefficient value corresponding to both Modes 8 and 13 and patients without PH were more
likely to have a negative coefficient value for both modes. In other words, the heart of a
patient with PH is more likely to have a rounder and more ‘D’-shaped RVES, while a pa-
tient without PH is more likely to have a thinner, crescent-shaped RVES. These physical
features are consistent with the long-standing clinical observation of the effects of PH to
round out the RV and flatten the septum [63]. Thus, the statistical shape analysis was
able to provide distinct features and quantitative measures of their appearance in any given
heart that are well known (only qualitatively previously) to be determinant of a RV with
PH. More importantly, with further development these shape features could potentially be
used to quantitatively predict the presence of PH through imaging alone, and avoid the need
for the current invasive hemodynamic measurement required to diagnose the condition.
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Figure 8: Mode 8 coefficient for the end diastole RVES shape and corresponding mean
pulmonary arterial pressure (PAP) for each patient, as well as the classification as being
diagnosed with pulmonary hypertension (PH) or not (No PH).
Figure 9: Mode 13 coefficient for the end diastole RVES shape and corresponding mean
pulmonary arterial pressure (PAP) for each patient, as well as the classification as being
diagnosed with pulmonary hypertension (PH) or not (No PH).
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Figure 10: Mode 13 coefficient for the end diastole RVES shape and the classification by
outcome of having been hospitalized for heart failure and/or having died (HHF and/or
Death) or having neither occurred (No HHF or Death).
2.4.2.2 Relationship between Shape and Outcome Although a noninvasive pre-
dictor of PH would be significant, an even more important clinical need is to identify RV
features that quantify whether a heart is adapting positively or negatively (i.e., leading to
heart failure or death) to the presence of PH. This remains a major prognostic challenge
using standard clinical measures, such as the patient characteristics shown herein. Thus, the
relationship between modes and patient outcome was also explored.
Recall that the Mode 13 coefficient had the highest Pearson correlation coefficient with
respect to outcome and that only one patient characteristic, age, exhibited a higher Pearson
correlation coefficient than Mode 13. Figure 10 shows the patient outcome classification
with respect to the end diastole modal coefficient value for Mode 13, and for comparison,
Figure 11 shows the patient outcome classification with respect to PAP. Qualitatively, there
is separation between the two outcome groups that is related to the Mode 13 coefficient value.
There is also quantitative statistical evidence that patients with a larger Mode 13 coefficient
are more likely to suffer an outcome of HHF and/or death (t-test statistic t47 = 3.390,
22
Figure 11: Mean pulmonary arterial pressure (PAP) and the classification by outcome of
having been hospitalized for heart failure and/or having died (HHF and/or Death) or having
neither occur (No HHF or Death).
p = 0.001). As such, there is clear potential for this shape feature to be used as a quantitative
measure of RV adaptation and to contribute to predicting the likelihood of patient mortality
or heart failure. In contrast, there is much greater overlap between the recorded PAP of the
two outcome groups and there is no significant statistical evidence that patients with elevated
PAP were more likely to suffer an adverse outcome (t43 = 0.959, p = 0.343). Overall, these
results indicate that the statistical shape feature defined by Mode 13 provides an enhanced
understanding of PH, over and above what can be gleaned from hemodynamic measures and
can potentially assist in non-invasive diagnosis and prognosis of patients with PH.
2.5 Conclusions
A statistical shape analysis strategy was applied to determine shape modes/features
associated with RV status and the adverse outcomes of HHF or death in patients with
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PH. Two modes were highlighted as being significantly related to RV status with PH, and
one mode in particular was identified as potentially being a unique quantitative predictor
of outcome of HHF or death in diseased individuals. A relationship between RV shape
and PH has been observed before, but this is the first time that a 3D statistical shape
analysis approach has so clearly quantified this relationship. Specifically, the two shape
modes highlighted were shown to define the change of a RV from relatively thin and crescent-
shaped (i.e., healthy) to having an expanded free wall and flattened septum (i.e., unhealthy),
which is commonly observed to be a more pathological state and is significantly correlated
to increased PAP. Moreover, the division between the two outcome groups was greater for
one of the shape modal coefficients than for any other measure available from the dataset
other than age, including the hemodynamic measures PAP and PCWP, which are used in
clinical diagnosis of PH. Thus, there is significant evidence to motivate further evaluation of
the relationship between RV shape as quantified by shape analysis and the state of PH, and
also to believe that non-invasive shape analysis can positively contribute to the timely and
accurate diagnosis and prognosis of PH.
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3.0 A Shape-based Strategy for Inverse Estimation of Soft Tissue Mechanical
Material Properties from Untagged Medical Imaging Data
A computational approach is presented and evaluated to estimate the in vivo magnitude
and spatial distribution of mechanical material properties of soft tissues. In particular, this
strategy utilizes an optimization-type inverse problem solution procedure with a shape-based
objective function to estimate the difference between the measured and predicted tissue
behavior and estimate mechanical properties from standard untagged clinical imaging data.
A set of simulated inverse problems are shown to evaluate the inverse solution estimation
procedure based on estimating the passive elasticity of the human right and left ventricle
wall from standard cardiac imaging data and corresponding hemodynamic measurements.
Results show that the proposed shape-based approach can accurately estimate mechanical
material properties, although the accuracy is dependent on the spatial region considered and
their relative stiffnesses. The solution accuracy is also shown to be tolerant to the presence
of model error. Moreover, additional tests show that the accuracy of the material property
estimate of a priority region of the structure of interest can be improved, while simultaneously
desensitizing the solution to additional model error by selecting an appropriate portion of
the response shape to use within the objective function.
3.1 Introduction
The mechanical material properties of tissues have long been used, both qualitatively and
quantitatively, as measures to determine both the presence and progression of a wide range
of diseases. For example, the stiffening of breast tissue is a relatively well known indicator of
the presence of abnormal tissue relating to cancer [11, 47], but there are many less common
examples, such as the bladder [48], where mechanical properties are similarly important.
In the cardiovascular system, aneurysms developed in the aortic or cerebral arteries show
distinctly different mechanical properties in comparison to healthy arteries [56]. Moreover,
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for the heart, it has been shown that the material properties of the right ventricle free wall
are indicative of the progression of pulmonary hypertension [63], while other work has shown
that material stiffness can be used as a potential predictor of the presence of left ventricle
myocardial infarction [22, 34]. Based on these observations, there have been many studies to
extract and mechanically test various tissues ex vivo to evaluate their properties and how they
change in the presence of disease. Typical testing approaches for soft tissues include uniaxial
or biaxial stretching devices [57, 34] and indentation tests [15], among others. However, to
truly understand the effect disease has on the actual properties of tissues inside the body
and to be able to use these properties for disease diagnosis and prognosis, it is critical that
at least relative property changes can be identified quantitatively for tissues in vivo.
Some approaches to in vivo characterization of tissue properties can directly process the
measurement signal to produce an estimate of material properties. These approaches include
the wave-based techniques in which transient waves are generated in the tissue and the wave
speeds or other dynamic properties are estimated from measurements of the tissue response,
which can then be directly related to tissue mechanical properties [37]. However, these direct
techniques are generally only applicable when the excitation applied is relatively controlled
(e.g., to produce a shear wave) and may be limited to relatively simple material properties
and assumptions for boundary conditions so that a reasonably accurate analytical rela-
tionship can be developed/used for the tissue response. Alternatively, model-based inverse
problem solution strategies, and particularly partial differential equation (PDE)-constrained
optimization approaches have become some of the most prevalent for tissue characterization
applications, likely due to their generalized capability to account for complex and varying
geometries, boundary conditions, and material models [8, 39, 72]. These optimization-based
approaches generally cast the inverse problem as a constrained optimization problem to
minimize an objective functional that quantifies the difference between the observed and
estimated response of the tissue. Examples of optimization-based approaches include work
to characterize arterial wall properties [25], to characterize skin material properties [12], and
to estimate material properties of musculo-skeletal tissues [3], among others.
There are many different variations in the implementation of optimization-based methods
that depend on the particular challenges of the tissues or organ being evaluated and the
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available measurement information. These variations include the method of estimating the
system response (e.g., solving the PDE in the boundary value forward problem) for a given
set of property estimates, strategies to parameterize and regularize the unknown material
properties, and the approaches to process the available measurements of the tissue response
and the associated formulation of the objective functional to quantify the difference between
that response and the estimated response. The present study is particularly focused on the
use of available measurement information, with the success of inverse estimation strategies
universally being directly linked to the quality and quantity of data that can be obtained
non-invasively.
Many methods for in vivo tissue characterization have used direct measures of the pri-
mary variable in the forward problem within the objective functional, such as the displace-
ment of portions of the tissue [49], or other direct measurable quantitates that are linked to
the tissue displacement, such as surrounding fluid pressure [13]. For the case of in vivo tissue
displacement, there are several strategies of measurement based upon medical imaging tech-
nology. For example, doppler ultrasound techniques have been used to measure the dynamic
displacement responses at one or more spatial points throughout a tissue [53]. However,
doppler ultrasound is generally limited to a relatively small amount of spatial information
(i.e., only a relatively small number of points within a tissue domain can be measured). To
obtain a more spatially complete measurement of tissue displacement, other studies have
used either speckle tracking with ultrasound imaging [58] or magnetic resonance imaging
with tagging [5]. Both speckle tracking and tagged imaging can provide approximate tissue
displacement with high spatial resolution (e.g., they can be used to estimate full-field spatial
response). Such spatially dense information can be especially useful to estimate spatially dis-
tributed material properties with relatively high accuracy and computational efficiency [64].
Yet, there are currently limitations in applying these full-field displacement measurement
techniques for three-dimensional reconstruction (i.e., they are largely only applied to two-
dimensional slices). Moreover, a different strategy is needed to use data without tagging
or speckle tracking capability, either to evaluate historical data or even prospective imaging
datasets from facilities that are not equipped with the state-of-the-art imaging tools.
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An alternate approach to acquire the necessary measurement information of the tissue re-
sponse for the inverse solution estimation is to apply a technique to process standard medical
images (i.e., untagged and no speckle tracking) to estimate the displacement/deformation
of the tissue being evaluated. Typically, these approaches will use some type of fiducial
points on the tissue/organ of interest and/or simply develop a point-wise image-based cor-
respondence between sequential images of the tissue/organ in time during excitation. Then,
the displacement or deformation field can be approximated by assuming all corresponding
points are the same material point in the tissue and interpolating between the points as
needed. Examples of algorithms that estimate the tissue response this way include work
to approximate the regional material properties of the heart wall from an estimated strain
field throughout the heart acquired by applying a data fusion strategy to cardiac magnetic
resonance images [66]. Alternatively, the work by Affagard et al. [3] used digital image cor-
relation with ultrasound imaging data to estimate the displacement field for mechanically
loaded thigh muscle, which was then used to approximate the material properties in several
areas of the thigh. However, a concern for pre-processing approaches to first estimate the
tissue displacement or deformation is that they potentially create additional error in the
response measurement, noting that noise/error in measurements can have a disproportion-
ate effect on the inverse solution estimation accuracy (i.e., can be a problem due to inverse
problem ill-posedness). Alternatively, to ensure accuracy in the response estimation, it may
be required to have relatively high temporal resolution with the imaging, limiting applicabil-
ity to those cases. Lastly, the pre-processing simply adds another possibly time-consuming
step to the inverse solution routine, and it would therefore be potentially beneficial to more
directly utilize the available imaging information.
This paper presents and evaluates an approach to directly use what can be directly mea-
sured from clinical imaging data, which is the shape of the organ/tissue structure. By using
shape as the comparison target in the optimization-based inverse problem solution routine,
the only pre-processing of the imaging data necessary is to segment the shape of the or-
gan/tissue structure of interest at the available time points during excitation. Section 3.2
briefly details the overall PDE-constrained optimization strategy to inversely estimate ma-
terial properties, particularly focusing on the shape-based objective functional. Section 3.3
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evaluates the capability of the inverse solution estimation algorithm to accurately estimate
material properties. This work chose to use the exemplar case of evaluating passive elastic
material properties of the heart wall assuming intraventricular pressure is known and using
standard cardiac magnetic resonance imaging data to define the heart geometry and form the
optimization objective functional. Although real human imaging data was used to generate
the forward models of the heart used in the examples, in silico testing was used to evalu-
ate the inverse solution capabilities, whereby the target heart shapes for the optimization
objective functional were generated with the forward model with additional model error to
provide realism. The presentation and discussion of the examples is followed by concluding
remarks and suggestions for future studies.
3.2 Inverse Material Characterization Algorithm
3.2.1 PDE-Constrained Optimization
This work uses a standard strategy for estimating the solution to an inverse material
characterization problem by casting the problem as a PDE-constrained optimization prob-
lem. As such, the inverse solution was estimated from the following optimization problem:
minimize:
~γ
J (Sest(~u), Starget)
subject to: F (~u,~γ) = 0
~bl ≤ A(~γ) ≤ ~bu,
(3.1)
where J quantifies the difference between the shape of the object estimated from the solution
of the PDE constraint equations (i.e., the governing equations of the physical system), Sest,
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and the given actual/target shape of the object being evaluated, Starget, F (~u,~γ) represents
the PDE constraint equations, and A is the constraint operator to define the lower, ~bl, and
upper, ~bu, bounds on the vector of unknown material parameters, ~γ.
There are a wide range of strategies that have been developed to address various aspects
of this optimization problem, particularly as different applications will have significantly
different challenges/restrictions, which are often highlighted by the inherent ill-posedness
of inverse problems. Variations exist for the specific formulation of the objective function,
implementation of constraints, including how the forward problem (i.e., PDE-constraint) is
solved, parameterization and regularization of the inverse problem unknowns, and the mini-
mization strategy, and all of these variations can have a significant effect on the consistency
and accuracy of the inverse solution estimate. The main focus of the present study is on the
implementation and evaluation of a shape-based objective functional, which is detailed in
the following section. Standard finite element analysis was used to solve the forward problem
and the interior point gradient based optimization algorithm [14] with basic finite difference
gradient estimation was used for the minimization. Additional details of the forward model
and optimization algorithm, as well as the parameterization of the material properties to be
inversely estimated are provided with the description of the example problems in Section 3.3.
3.2.2 Shape-Based Objective Functional
This work assumes that one or more surfaces of the organ or tissue region of interest
can be extracted (i.e., segmented) from medical imaging datasets for a corresponding known
or estimated stimulus (e.g., blood pressure) to serve as the inverse problem target shape.
Surfaces were chosen rather than volumes due to the possibility that limitations in imaging
may only allow for accurate extraction of a single surface (e.g., the inner wall of the heart,
where the blood boundary is often easier to extract). Yet, it should be noted that a volume
of tissue could be utilized by simply targeting both the inner and outer surfaces, provided
they could both be accurately extracted from the imaging. Therefore, the minimization
algorithm will search for material properties for the corresponding forward problem so that
the shape of the organ or tissue region estimated by the forward problem “best” matches
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the target surface shape(s). Of critical importance is that the direct use of shape eliminates
the need to preprocess the data using additional assumptions (i.e., potentially adding error)
about the response of the system to estimate a measure of displacement or deformation to
use as the inverse problem target.
There are several approaches to represent shape that could potentially be applied to
quantify the difference between the target shape and that estimated by the forward problem
for the organ or tissue region of interest [73] . For this study to evaluate the concept of
a shape-based objective, a modified version of one of the more commonly used contour-
based strategies was used, the Hausdorff distance [21]. A modification of the Hausdorff
distance was chosen, not only because of the relatively frequent use of Hausdorff distance in
shape comparison/matching applications, but also because of its intuitive nature and ease of
implementation. The Hausdorff distance is a point-to-point matching (i.e., correspondence-
based) method, and the specific version used finds the maximum of the average of the closest
pairings between all the points on each shape. Applying this modified Hausdorff distance and
assuming each shape can be discretized into a set of points in cartesian space, the objective
for the PDE-constrained optimization problem can be written as:
J (Si, Sj) = max (M (Si, Sj) ,M (Sj, Si)) (3.2)
with
M (Si, Sj) =
1
Ni
Ni∑
n=1
min
~pjm∈Sj
∥∥~pin − ~pjm∥∥ , (3.3)
where Ni is the total number of discrete points in the i
th shape, ~pin is the vector of cartesian
coordinates for the nth point on the ith shape, and ‖ · ‖ is the standard Euclidean distance
operator. This modified version of the Hausdorff distance can be thought of as similar to
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an l2-norm for the comparison of two shapes, which is significant as it takes into account all
parts of the shapes in contrast to the standard Hausdorff distance that is more similar to an
l∞-norm and estimates the maximum difference between two shapes.
3.3 Examples and Discussion
A series of simulated inverse problems to characterize the material properties of the heart
ventricular wall were considered. More specifically, the nonlinear elastic material parameters
were estimated for the left and/or right ventricles of the heart utilizing the shape change
of the endocardial surfaces of the ventricles from end systole to end diastole, assuming the
response was entirely passive and driven by the intraventricular pressure (i.e., effects of flow
were assumed to be negligible). Therefore, endocardial surfaces extracted at end diastole
were used as the target shape(s) for the optimization procedure. Only the endocardial
surface was used for the shape targets to mimic the common reality that this surface can be
estimated significantly more accurately from the imaging data than any other portion of the
organ due to the blood boundary contrast. This work assumes that the passive response of
the heart could be sufficiently estimated using a bi-ventricle model that combined only the
right and left ventricle of the heart. Although a considerable simplification of the geometry,
single-ventricle [40, 6] and bi-ventricle [51, 55] models have been commonly used in prior
studies examining heart wall mechanics. Assuming the end systolic geometry of the heart is
the reference/unstressed state is also noted to be a significant simplification. However, this
simplification is consistent with similar work to estimate heart mechanical properties [6],
where it is noted to be a beneficial choice to ensure consistency and solution identifiability
in comparison to alternate choices of times in the cardiac cycle. It should also be noted that
the methods proposed for the inverse characterization procedure would not change in any
way with a more complex forward model.
Although actual human imaging data was used to create the initial forward problem
geometry at end systole, the target end diastole shapes were simulated using the forward
model with chosen material properties. This work focuses on simulated inverse problems
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to numerically evaluate the solution capabilities of this shape-based strategy to understand
the capability to obtain consistent and accurate solution estimates for the material prop-
erties. A particular focus is on the affect the data amount and quality has on the inverse
characterization capability.
3.3.1 Bi-ventricle Forward Model
A patient was randomly selected from a clinically obtained dataset of cardiac magnetic
resonance (CMR) images from the University of Pittsburgh Medical Center to create the
bi-ventricle geometry. The chosen patient had normal hemodynamics and normal cardiac
function as assessed by a clinical cardiologist. Images were acquired using a 1.5-Tesla Siemens
Magnetom Espree (Siemens Medical Solutions, Erlangen, Germany) equipped with a 32-
channel cardiac coil. Standard breath-held cine imaging was acquired with steady-state free
precession in the short axis orientation spanning the base to apex (6 mm slice thickness,
4 mm skip). Typical imaging parameters included 30 phases per R-R interval, matrix 256
by 144, flip angle 51◦, TE 1.11 ms, and acceleration factor 3.
To create the starting geometry, the right and left ventricular walls were manually seg-
mented from all slices from approximately the basal plane to the apex at the phase approx-
imating end systole for the chosen patient. The geometry was smoothed with a standard
recursive Gaussian smoothing filter and meshed with 4-node tetrahedral elements using the
commercial image processing software Simpleware 1. Standard convergence tests were per-
formed to ensure the mesh size was sufficiently small for accurate simulation. Additionally,
the geometry was somewhat arbitrarily divided into three regions to investigate the effect of
heterogeneity, with the regions associated as: the right ventricle free wall, the left ventricle
free wall, and the septum. Figure 12 shows the top view (i.e., basal plane) of the bi-ventricle
geometry, including the three regions specified.
The support conditions included restricting the entire basal plane to have zero displace-
ment in the transverse (i.e., axial) direction. In addition, the inner (i.e., endocardial) bound-
ary of the basal plane of the left ventricle was arbitrarily chosen to have zero displacement in
1(www.simpleware.com)
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Figure 12: Bi-ventricle geometry with the divisions according to the dashed black line into
the right ventricle free wall (RVFW), the left ventricle free wall (LVFW), and the septum
regions.
all directions to prevent rigid body motion and to ensure the model was not overly flexible.
To simulate the passive diastolic process and estimate the end diastole shape, intraventricular
pressures in a typical range for end diastole were applied to the left and right ventricles. The
pressures were applied uniformly to the inner wall surfaces with magnitudes of 12 mmHg
and 8 mmHg for the left and right ventricles, respectively. As is discussed in the relevant
results section, for a portion of the tests, model error was added to this applied pressures to
test the capability to estimate the inverse problem solution with imperfect data.
A quasi-incompressible transversely isotropic version of the Fung model [32] was cho-
sen for the bi-ventricle material. It should again be noted that the methods proposed for the
inverse characterization procedure would not change in any way with a different constitutive
model. The isochoric portion of the strain energy function for the chosen material model
was defined as:
2Ψ(E) = C0
(
eQ(E) − 1) (3.4)
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with:
Q(E) = b1E
2
ff + b2(E
2
cc + E
2
rr + 2EcrErc) + b3(EfcEcf + EfrErf ), (3.5)
where E is the Green-Lagrange strain tensor, such that Eff is fiber-direction strain, Ecc is
the cross-fiber in-plane strain, Err is radial strain, and Ecr, Efr and Efc are the respective
shear components of strain, and C0, b1, b2, and b3 are the unknown material parameters.
To simplify the inverse problem, the relationship between nonlinearity parameters used in
Genet et al. [29] was applied. Thus, given a fiber-direction parameter of b1 = B0, the
transverse parameters were set to b2 = 0.4B0, and b3 = 0.7B0. Additionally, the fiber
direction was manually applied to approximately coincide with the plane transverse to the
thickness direction of the ventricular wall. Therefore, the inverse characterization procedure
was applied to determine values for two parameters, the stiffness C0 and the nonlinearity
B0, for each region of interest of the bi-ventricle model.
3.3.2 Coarse Sensitivity Analysis of Shape-Based Objective Function
A coarse sensitivity analysis was performed first to determine whether the Hausdorff
distance would change significantly due to a significant change in the material parameter
values and to qualitatively assess the error response surface. Target shapes for the left and
right ventricle endocardial surfaces were generated using arbitrarily chosen base material
parameters of C0 = 1.0 kPa and B0 = 14.4 for the right ventricle free wall and septum
portions of the geometry and C0 = 1.15 kPa and B0 = 16 for left ventricle free wall portion
of the geometry. The two material parameters were then incrementally varied, ranging by
±50% of the base values, for both stiffness parameter and nonlinearity parameter for each
of the three regions, in turn, the forward problem was repeated for the varied parameters,
and the Hausdorff distance between the target shapes and the corresponding shapes from
the analysis with varied parameters was determined. Figures 13-15 show the average of the
Hausdorff distances for the two ventricles obtained from modifying the material parameters
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over the given ranges for the right ventricle free wall, the left ventricle free wall, and the
septum, respectively, each while keeping the material parameters of the other two regions
fixed at the base values. These local sensitivity plots of the Hausdorff distances with respect
to the arbitrary base properties have nearly identical shapes for the variations of the three
material property regions (right ventricle, left ventricle, and septum). The most noticeable
difference is that the sensitivity of the response to changes in the left ventricle free wall
region is significantly greater than the others, with the change in Hausdorff distance being
almost double that of the other two regions for some parameter combinations. This increased
sensitivity for the left ventricle is simply because the left ventricle is the largest portion of
the bi-ventricle model by volume. Yet, in all cases the change in Hausdorff distance (i.e.,
inverse problem target error) is smooth and convex within the domain of parameter values
explored. This is particularly important in the context of potential use of gradient-based
optimization, with surfaces such as these expected to be easily traversed with an optimization
algorithm to produce a solution with relatively low error using a relatively low number of
iterations. However, although each sensitivity plot has a clear minimum of zero at the point
corresponding to the base material parameters, each plot also has a distinct trough where the
Hausdorff distance is relatively near to zero. The reason for these troughs is that variations
in material parameters along the trough produce nearly identical strain energy functions for
the range of deformation experienced by the heart during the diastolic process simulated.
The cause of the troughs in the error response surfaces can be seen further by considering
two cases for parameters along the trough in the left ventricle material parameter response
surface that are nearly identical in Hausdorff distance, but have significantly different pa-
rameter values, as shown in Table 2. Figure 16 shows the uniaxial fiber-direction Second
Piola-Kirchhoff stress with respect to uniaxial fiber-direction Green-Lagrange strain based
on the constitutive models with these two parameter combinations over a range of strain
approximating the maximum experienced by the analyses of the diastolic process. As can be
seen, although the parameters are significantly different, the stress-strain diagrams are nearly
identical. Having inherently non-unique, or nearly non-unique parameter values with respect
to the constitutive model can create issues with the optimization-based inverse solution esti-
mation procedure, particularly for non-gradient-based methods that may be “confused” by
36
Figure 13: Average Hausdorff distance between the left and right ventricles at end diastole
comparing to the ventricles with the base material parameters due to variations in the
stiffness (C0) and nonlinearity (B0) parameters of the right ventricle free wall portion.
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Figure 14: Average Hausdorff distance between the left and right ventricles at end diastole
comparing to the ventricles with the base material parameters due to variations in the
stiffness (C0) and nonlinearity (B0) parameters of the left ventricle free wall portion.
Figure 15: Average Hausdorff distance between the left and right ventricles at end diastole
comparing to the ventricles with the base material parameters due to variations in the
stiffness (C0) and nonlinearity (B0) parameters of the septum portion.
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Table 2: Two cases of material parameters and their associated average Hausdorff distance
for the left ventricle error response surface.
C0 (kPa) B0 Hausdorff Distance (mm)
Case 1 0.9 19.2 0.25
Case 2 1.4 14.4 0.26
Figure 16: Uniaxial stress versus uniaxial strain corresponding to the two cases of material
parameters from the trough region of the left ventricle material parameter response surface.
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response similarity for disparate parameter values, leading to more iterations being required
to achieve convergence. Moreover, any optimization may ultimately terminate early on non-
ideal parameter values, particularly in the inevitable presence of model and measurement
error for real systems. However, in practice, as long as the results are presented in terms
of the constitutive model such as with stress-strain plots similar to Figure 16, rather than
the parameter values alone, then the variations in material parameters can be mitigated
as the constitutive model presentation would allow for consistent interpretation (including
comparing results across different specimens) even if the parameters themselves did not. A
similar example is the work by Brigham and Aquino [13], which showed that the equivalent
elasticity and dissipation of a viscoelastic model could be recovered accurately over a finite
frequency range through an optimization-based inverse solution strategy, even though the
parameters defining the viscoelastic model were non-unique.
3.3.3 Inverse Material Characterization Targeting Both Left and Right Ventri-
cle
The first set of simulated inverse problems utilized both the left and right ventricle endo-
cardial surfaces for the target data by using the average of the respective modified Hausdorff
distances as the optimization objective function, which was the same metric plotted for the
sensitivity analysis. A series of test cases were considered, first assuming the bi-ventricle to
be homogenous, and then assuming that the properties were discretely heterogeneous with
different parameters for each of the three predefined regions. For each test, the optimiza-
tion process was repeated five times, with a different randomly generated initial guess for
the material parameters to evaluate the consistency of the inverse solution estimation. The
material parameters were constrained based on the feasible ranges seen in prior studies to
C0 ∈ [0.8 kPa, 3 kPa] and B0 ∈ [10, 30]. For the homogeneous test case, the initial guesses
were selected manually to ensure coverage of the parameter ranges, and for all other tests
the initial guesses were generated using uniform distributions within the respective ranges.
The stopping criteria for each optimization was when the Euclidean norm of the change in
parameter values was less than 10−25 or the number of iterations exceeded 50.
40
For the homogeneous test case, the material parameters used to generate the target
shapes were set to C0 = 1.15 kPa and B0 = 16. Table 3 shows the results of each of the five
optimization trials, including the initial guesses for the parameter values and the parameter
estimates when the optimization completed along with the corresponding minimum objective
function value (i.e., average modified Hausdorff distance). Table 3 also shows the averages
and standard deviations over the five trials for the solution estimates and the corresponding
objective function values. Although the average parameter estimates were very near to the
values used to generate the target data, with the average stiffness parameter in particular
matching exactly with that used to generate the inverse problem target shape, the variability
in the estimates across the five trials was substantial and clearly significantly dependent upon
the initial guess for the solution. Yet, the corresponding final objective function values were
all well within a magnitude that would be considered accurate in terms of shape matching,
with the least accurate trial still producing an average modified Hausdorff distance of only
0.27 mm. To add context, the blood volume in the right ventricle considered at end diastole
was approximately 205 mL, which would convert to a spherical diameter of approximately
7.3 cm. Therefore, the least accurate average modified Hausdorff distance was less than 0.4%
of a representative internal dimension of a ventricle. Moreover, the parameters corresponding
to the best final shape matching (Trial 1), which would be chosen as a final solution estimate,
were actually farthest from the values used to generate the target data of all trials. These
results further emphasize the importance of not relying on such non-unique parameters alone
to interpret the inverse material characterization results.
To better interpret the inverse solution estimation results, Figure 17 shows the uniaxial
fiber-direction stress with respect to uniaxial fiber-direction strain based on the constitutive
models over a range of strain approximating the maximum experienced by the analyses with
the parameter values used to generate the target data and the parameter values estimated
by the optimization trial with the lowest objective function value (i.e., the best solution,
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Table 3: Initial parameter estimates (Initial Guess), final solution estimates after optimiza-
tion (Solution Estimate), and average modified Hausdorff distance for the solution estimate
(Objective Function), as well as the average and standard deviations for the five trials of
the test case with homogeneous material properties and targeting both the left and right
ventricle shape for the inverse problem.
Initial Guess Solution Estimate Objective
C0 (kPa) B0 C0 (kPa) B0 Function (mm)
Trial 1 1.60 18.00 1.25 15.00 0.03
Trial 2 2.00 10.00 1.23 15.08 0.07
Trial 3 1.30 19.00 1.05 16.80 0.14
Trial 4 2.50 10.00 1.00 17.02 0.27
Trial 5 1.50 13.00 1.23 15.10 0.08
Average 1.15 15.80 0.12
Std. Dev. 0.12 1.02 0.09
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Figure 17: Uniaxial stress versus uniaxial strain corresponding to the material parameters
used to simulate the inverse problem target data (Target) and the inversely estimated ma-
terial parameters (Solution Estimate).
Trial 1). The two stress-strain plots are nearly identical, even though the parameter values
are significantly different. To quantitatively compare the constitutive models, the relative
L2-error was calculated from the stress-strain plot as:
Error in the Constitutive Model =
‖Starget(E)− Sest(E)‖L2
‖Starget(E)‖L2
, (3.6)
where ‖·‖L2 is the standard L2-norm, which was applied over the range of the Green-
Langrange strain shown of [0, 0.16], and Starget and Sest are the Second Piola-Kirchhoff
stresses as produced by the material parameters used to generate the target shapes and the
material parameters estimated by the inverse solution procedure, respectively. The Error in
the Constitutive Model corresponding to the stress-strain diagrams in Figure 17 was 0.7%,
which quantitatively confirms that the constitutive models generated by the parameter sets
over the range of strains experienced by the simulated heart are nearly identical.
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To evaluate the capability to inversely estimate heterogeneous properties, the parameters
were randomly modified to create three distinct sets for the three regions, resulting in 6 pa-
rameters to be inversely estimated. Table 4 shows the parameter values used to generate the
target shapes, the initial guesses for the parameter values, the parameter estimates when the
optimization completed, and the corresponding minimum objective function value. Similarly
to the test case with homogeneous material properties, there was substantial variation in the
material property estimates across the five optimization trials, with none of the trials pro-
ducing parameter values particularly similar to the values used to create the target shapes
for the inverse problem for the three regions of the bi-ventricle model. Yet, the average mod-
ified Hausdorff distance for all trials indicated accurate shape matching, and thus all feasible
inverse solutions, with the average value being even lower than that for the homogeneous
test case. To again better interpret these inverse solution estimation results, Figure 18 shows
the uniaxial fiber-direction stress with respect to uniaxial fiber-direction strain based on the
constitutive models with the parameter values used to generate the target data and the pa-
rameter values estimated by the optimization trial with the lowest objective function value
(Trial 5) for all three regions of the bi-ventricle model. The material property estimate of the
septum portion of the bi-ventricle model was clearly the most accurately estimated, with the
accuracy for the septum similar to that for the previous homogeneous test case, while the
accuracies of the left and right ventricle portions were significantly lower. The Error in the
Constitutive Model (Equation 3.6) corresponding to these stress-strain diagrams were 13%,
39%, and 0.5%, for the left ventricle free wall, the right ventricle free wall, and the septum
portions, respectively. The observed higher sensitivity for the left ventricle free wall portion
of the bi-ventricle model response makes it not surprising that the left ventricle property
estimate was relatively more accurate than the right ventricle property estimate. However,
it is important to note that the absolute error for the right ventricle material property was
lower than that for the left ventricle, but the relative error was higher as the target right
ventricle properties were substantially smaller than the left ventricle properties. Overall,
although the material property estimate accuracy for the left ventricle and right ventricle
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Table 4: Parameter values used to generate the inverse problem target shapes (Target Val-
ues), initial parameter estimates (Initial), final solution estimates after optimization (Solu-
tion), and average modified Hausdorff distance for the solution estimate (Objective Function)
for the left ventricle free wall (LVFW), right ventricle free wall (RVFW), and septum por-
tions of the bi-ventricle model for the five trials of the test case with heterogeneous material
properties and targeting both the left and right ventricle shape for the inverse problem.
LVFW RVFW Septum Objective
C0 (kPa) B0 C0 (kPa) B0 C0 (kPa) B0 Function (mm)
Target Values 3.00 16.00 1.00 14.00 1.15 16.00
Trial 1
Initial 1.49 10.36 2.06 14.22 2.23 17.43
Solution 1.71 11.76 1.82 11.18 1.79 11.40 0.09
Trial 2
Initial 2.17 18.49 1.12 19.16 3.19 13.92
Solution 1.88 10.99 1.25 15.04 2.06 10.15 0.09
Trial 3
Initial 3.19 19.34 3.08 17.92 2.01 16.55
Solution 2.68 18.31 1.56 10.27 1.69 11.99 0.14
Trial 4
Initial 3.21 16.79 2.38 19.59 2.80 11.71
Solution 1.89 10.92 1.63 12.08 2.08 10.14 0.11
Trial 5
Initial 1.04 16.56 2.84 11.42 1.19 17.58
Solution 2.89 14.72 1.90 10.86 1.08 16.80 0.07
45
Figure 18: Uniaxial stress versus uniaxial strain corresponding to the material parameters
used to simulate the inverse problem target data (Target) and the inversely estimated ma-
terial parameters (Solution) for the left ventricle free wall (LVFW), right ventricle free wall
(RVFW), and septum portions of the bi-ventricle model.
portions were lower than the septum, both were still relatively close to the target solu-
tions, and of particular significance, the relative distribution of properties was maintained
(i.e., the stiffer left ventricle portion and softer right ventricle portion were clearly identified
as such).
3.3.4 Inverse Material Characterization Targeting Only Right Ventricle
The second set of simulated inverse problems was intended to explore the possibility
that a significantly smaller portion of the structure of interest is the only portion that can
be confidently extracted to serve as the inverse problem target and/or the properties of only
a portion of the structure are required to be accurately estimated. The latter reason is
relevant for applications such as the evaluation of adaptation of the heart due to pulmonary
hypertension, which is generally hypothesized to significantly affect the right ventricle, but
not the left ventricle (e.g., right ventricle properties would be desired from the inverse es-
timation, but not left ventricle) [41]. Thus, if the sensitivity of the properties that are not
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important could be reduced without significantly affecting the sensitivity of the important
properties, then the number of inverse problem unknowns could potentially be reduced, low-
ering computational expense and possibly improving the uniqueness of the solution. To test
this capability, only the right ventricle endocardial surface was used for the target data, even
though characterization of both ventricles was considered.
A coarse sensitivity analysis was again performed, following the same base material
parameters and approach as was used in Section 3.3.2, but only quantifying the modified
Hausdorff distance with respect to the shape of the right ventricle alone. The shapes of all
of these local sensitivity plots were similar to the previous cases (Figures 13-15), including
the convexity and the trough, so these are not shown here for brevity. What was most
significant was the change in the magnitude of the sensitivity plots. The sensitivity for the
septum portion of the bi-ventricle changed by a relatively small amount, with the maximum
Hausdorff distance increasing from approximately 1.4 mm to approximately 1.5 mm by
evaluating only the right ventricle shape. More importantly, with respect to the properties
of the right ventricle free wall portion the maximum Hausdorff distance increased from less
than 1.5 mm to over 2 mm, whereas with respect to the properties of the left ventricle
free wall portion the maximum Hausdorff distance decreased from approximately 3 mm to
approximately 2 mm. Thus, as was hoped, by only targeting the right ventricle shape,
the sensitivity of the desired properties (the right ventricle free wall) were substantially
increased, while the sensitivity of the undesired properties (the left ventricle free wall) were
substantially decreased.
The same optimization procedure was used as was applied to the previous inverse estima-
tion tests, including the five optimization trials for each target, the random generation of the
initial guesses, the constraints, and the stopping criteria. However, for simplicity only the
best solution (i.e., the solution with the lowest modified Hausdorff distance) of the five trials
was examined for each test. All test cases utilized the heterogenous scenario, again seeking
to determine two material parameters corresponding to each of the three regions (right ven-
tricle free wall, left ventricle free wall, and septum). Additionally for this second set of tests,
to avoid the inverse crime for the simulated inverse problems (i.e., to ensure the model used
to generate the target data was different than the model in the inverse solution estimation
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process) and test solution capabilities with imperfect data, tests were also performed for
which the pressures applied to generate the target shapes were different than those used in
the inverse estimation procedure. For the inverse estimation procedure, the pressures were
applied uniformly as before with magnitudes of 12 mmHg and 8 mmHg for the left and right
ventricles, respectively. However, to generate the target data for the modified tests, random
“error” was added to the pressure magnitudes by dividing each ventricle inner wall into 4
sections and adding randomly generated error to the pressure applied to each section. Thus,
the applied pressure for a given section was 12 mmHg × (1 + η) for the left ventricle and
8 mmHg× (1+η) for the right ventricle, where η is a uniformly distributed random variable
between 0 and 0.01. To assess the impact of this model error, the first simulated case also
was considered with error-free target data as was done in the previous section (i.e., the target
was generated with the uniform pressures). To evaluate the robustness, three additional test
cases with arbitrarily chosen heterogeneous material properties were considered, all of which
included the model error.
Table 5 shows the four parameter sets used to generate the target shapes for each of the
four test cases, and the parameter estimates and corresponding minimum objective function
value obtained from the best solution of the five optimization trials for each test case with
the inclusion of model error, as well as the first test case without the inclusion of model
error. The first test case without including model error was as accurate as the prior test
cases for the new material property distribution in terms of the modified Hausdorff distance
for the final inverse solution estimate. The inclusion of model error substantially increased
this final solution error for the corresponding test case (Test 1) and each of the other three
test cases obtained a final solution with a similar magnitude of error. Thus, the increase
in shape-matching error was consistent with respect to the inclusion of model error, which
should be expected since the simulation used for the inverse solution procedure could no
longer exactly match the target shape of the right ventricle. Yet, the modified Hausdorff
distances corresponding to all inverse solution estimates obtained were still substantially
smaller than the overall size of a normal human heart, indicating that the shape matching
could still be considered accurate.
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Table 5: Parameter values used to generate the inverse problem target shapes (Target),
the best solution estimates after optimization for the case without model error (No Error
Solution) and all cases with model error (Solution), and average modified Hausdorff distance
for the solution estimates (Objective Function) for the left ventricle free wall (LVFW), right
ventricle free wall (RVFW), and septum portions of the bi-ventricle model for the four test
cases with heterogeneous material properties and targeting only the right ventricle shape for
the inverse problem.
LVFW RVFW Septum Objective
C0 (kPa) B0 C0 (kPa) B0 C0 (kPa) B0 Function (mm)
Test 1
Target 1.15 16.00 3.00 16.00 3.00 16.00
No Error Solution 1.64 12.22 3.08 15.52 3.10 15.48 0.08
Solution 1.33 17.05 3.00 17.44 2.26 19.00 0.24
Test 2
Target 1.15 16.00 1.00 14.40 1.00 14.40
Solution 2.05 10.76 1.28 12.65 1.60 10.24 0.40
Test 3
Target 1.15 16.00 1.00 14.40 3.00 16.00
Solution 1.34 15.07 1.68 10.35 2.88 17.34 0.32
Test 4
Target 1.15 16.00 3.00 16.00 1.00 14.40
Solution 1.04 19.84 2.37 19.92 1.31 10.42 0.34
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Table 6: The Error in the Constitutive Model for the best solution estimates after opti-
mization for the first case without model error (Test 1 No Error) and all test cases with
model error for the left ventricle free wall (LVFW), right ventricle free wall (RVFW), and
septum portions of the bi-ventricle model for the four test cases with heterogeneous material
properties and targeting only the right ventricle shape for the inverse problem.
LVFW RVFW Septum
Test 1 No Error 3 % 1 % 1 %
Test 1 25 % 12 % 6 %
Test 2 10 % 9 % 7 %
Test 3 8 % 13 % 7 %
Test 4 20 % 6 % 12 %
Table 6 shows the Error in the Constitutive Model corresponding to the stress-strain
diagrams for each of the test results. Similarly to the prior tests, the variation in the relative
error of the material property estimates correlates with the relative stiffness of the regions
of the bi-ventricle model, with stiffer regions having relatively more accurate solution esti-
mates. As would be expected, the material property estimate for the first test case without
model error was substantially more accurate than the solution estimates for the test cases
with model error. The effect of the model error was particularly significant on the accuracy
of the material property estimate for the left ventricle free wall portion of the bi-ventricle
model, which is consistent with the reduced sensitivity of the left ventricle portion when
only targeting the right ventricle shape. Similarly, due to the targeting of the right ventricle
shape alone, the accuracy of the material property estimates for the right ventricle free wall
portion of the bi-ventricle model were more accurate on average than the prior cases target-
ing both ventricle shapes, while there was a corresponding decrease in the accuracy of the
left ventricle free wall and septum portions. Yet, the overall accuracies of the material
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Table 7: Parameter values used to generate the inverse problem target shape (Target),
the best parameter solution estimates for the right ventricle free wall (RVFW) and the
septum portions of the bi-ventricle model after optimization with the fixed erroneous left
ventricle free wall parameters shown (LVFW), and average modified Hausdorff distance for
the solution estimates (Objective Function) targeting the shape of both the left ventricle and
right ventricle (Solution - LV and RV) and only targeting the right ventricle shape (Solution
- RV) for the inverse problem.
LVFW RVFW Septum Objective
C0 (kPa) B0 C0 (kPa) B0 C0 (kPa) B0 Function (mm)
Target 1.15 16.00 3.00 16.00 3.00 16.00
Solution - LV and RV 1.21 16.80 2.20 16.08 2.40 19.76 0.25
Solution - RV 1.21 16.80 3.10 15.44 3.15 15.03 0.12
property solution estimates for all cases targeting only the right ventricle shape, with and
without model error, were not significantly decreased in contrast to the previous tests using
the left and right ventricle shape as the inverse problem target.
As a last test, a trial was evaluated for which the two material parameters corresponding
to the left ventricle free wall were fixed (i.e., removed as an inverse problem unknown) with
erroneous values. The parameter error was approximately 5% and was in addition to the
model error already included in the applied intraventricular pressure (i.e., the two sources of
model error were combined). This test was intended to not only increase the model error, but
examine the potential benefit of targeting only a portion of the shape to reduce sensitivity
to the properties of a separate region of the structure (the left ventricle in this case) that
are not considered important.
Table 7 shows the parameter values used to generate the target shape, the parameter
estimates when the optimization completed (noting only 4 parameters were estimated cor-
responding to the right ventricle and septum), and the corresponding minimum objective
function value. Additionally, Table 8 shows the Error in the Constitutive Model correspond-
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Table 8: The Error in the Constitutive Model for the best solution estimates after optimiza-
tion for the left ventricle free wall (LVFW), right ventricle free wall (RVFW), and septum
portions of the bi-ventricle model targeting the shape of both the left ventricle and right
ventricle (LV and RV) and only targeting the right ventricle shape (RV) for the inverse
problem.
LVFW RVFW Septum
LV and RV 12 % 26 % 6 %
RV 12 % 1 % 3 %
ing to the stress-strain diagrams for each of the test results. As was intended, the shape
matching accuracy, in terms of the modified Hausdorff distance was considerably improved
by only targeting the right ventricle endocardial surface rather than both ventricles, and the
corresponding accuracy of the right ventricle free wall and septum material property esti-
mates was substantially improved, particularly the right ventricle properties that went from
relatively inaccurate to the most accurate of the three portions. As such, a clear benefit can
be obtained by targeting only the portion of a shape that corresponds to a region of desired
parameters, by not only potentially increasing the accuracy of the desired solution estimate,
but decreasing the needed accuracy of the unimportant material properties.
3.4 Conclusions
An optimization-based inverse material property estimation procedure using a shape-
based objective function applicable to evaluating the in vivo properties of tissues from un-
tagged medical imaging data was presented and numerically evaluated. By constructing the
objective function of the optimization procedure based on shape, the algorithm is able to
more directly use standard clinical imaging data and avoid potential additional computing
52
cost and processing error needed to first estimate tissue displacement or deformation from
the images. The inverse estimation procedure was evaluated through in silico tests with a bi-
ventricle model based on actual cardiac geometry extracted from a clinically obtained human
cardiac magnetic resonance imaging dataset. Inverse problems were simulated to evaluate
the diastolic properties of the bi-ventricle model, in which the elastic material properties of
the left ventricle free wall, the right ventricle free wall, and the interventricular septum were
estimated. The algorithm was shown to be able to traverse the optimization search space to
minimize the shape-based objective function and accurately reconstruct both homogeneous
and heterogeneous material property estimates for the three sections of the heart. It was
also shown that it is important to evaluate the solution estimate accuracy using the material
model (e.g., stress-strain behavior) rather than the parameters themselves, as the parame-
ters are non-unique. Overall, the regional accuracy was found to depend on the percentage
of total volume accounted for by a region and the relative stiffness, with the stiffer regions
generally more accurately estimated. The inclusion of model error in the simulated inverse
problems was shown to decrease the accuracy of the estimated material properties, but no
more so than would be expected and relatively accurate solutions could still be obtained
when model error existed. Lastly, the relative accuracy of the regional property estimation
was shown to be dependent upon the amount the structure’s shape used for the optimization
objective, with more accurate solutions to selected regions being obtained by using the shape
of the corresponding region alone (i.e., using less information). Thus, for cases where the
evaluation of one portion of the organ/structure is a priority, a useful strategy can be to
increase the solution sensitivity for that region while decreasing the sensitivity of others by
targeting the shape of the priority region alone with the inverse estimation procedure.
A particular focus of future work is to expand the clinical applicability of the shape-
based inverse estimation algorithm, particularly for the purpose of estimating the in vivo
mechanical material properties of the heart. A specific focus will be to improve the forward
model to be more representative of the actual in vivo behavior of the heart within the inverse
solution procedure, especially to account for the organ-level motion of the heart.
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This extension will allow the inverse approach to be suitably applied to real target imaging
data (e.g., the heart shape at end diastole extracted from medical images), and to validate
its capability for further practical use.
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4.0 A Clinically Applicable Strategy to Estimate the In Vivo Distribution of
Mechanical Material Properties of the Right Ventricular Wall
A clinically applicable approach to estimate the in vivo mechanical material properties
of the heart wall is presented. In particular, this optimization-based inverse estimation
approach applies a shape-based objective functional combined with a registration strategy
and incremental parameterization of heterogeneity to be capable of utilizing standard (i.e.,
untagged) clinical imaging data along with simplified representations of cardiac function as
the forward model, and still provide consistent and physically meaningful solution estimates.
The capability of the inverse estimation algorithm is evaluated through application to two
clinically obtained human datasets of cardiac magnetic resonance imaging and associated
intraventricular pressure measurements to estimate the passive elastic mechanical properties
of the heart wall, with an emphasis on the right ventricle. One dataset corresponded to a
patient with normal heart function, while the other corresponded to a patient with severe
pulmonary hypertension, and therefore expected to have a substantially stiffer right ventricle.
For these tests, patient-specific pressure-driven bi-ventricle finite element analysis was used
as the forward model and the endocardial surface of the right ventricle was used as the target
data for the inverse problem. By using the right ventricle alone as the target of the inverse
problem the relative sensitivity of the objective function to the right ventricle properties is
increased. The results show that the inverse solution estimation method is able to identify
properties to accurately match the corresponding shape of the simplified forward model to
the clinically obtained target data, and the properties obtained for the example cases are
consistent with the clinical expectation for the right ventricle. Additionally, the material
property estimates indicate significant heterogeneity in the heart wall for both patients, and
more so for the patient with pulmonary hypertension.
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4.1 Introduction
As is the case for many diseases and the associated organs or tissues that are affected by
them, the mechanical material properties of the heart have been found to vary significantly
in the presence of a wide range of cardiac illnesses [33, 19, 63, 22]. Therefore, the ability
to estimate changes in such properties is often hypothesized to be a predictive measure for
the state and/or progression of disease. Pulmonary hypertension (PH) is one particular
deadly cardio-pulmonary illness, which is clinically characterized by a haemodynamic state
of elevated mean pulmonary arterial pressure [35], that has been shown to significantly
change the mechanical properties of the right ventricle (RV) of the heart in particular [62].
For example, the work in Trip et al. [61] showed that a measure of bulk (i.e., organ-level)
diastolic stiffness of the RV in humans, measured by post-processing the pressure-volume
loop, is correlated to PH severity. Alternatively, the work by Hill et al. [34] evaluated the
mechanical change at the tissue-level of the RV due to PH through ex vivo studies using a
rat model of the disease.
Although, a link between the mechanical material properties of the tissue of the RV wall
and PH appears to exist, investigation using human data is limited due to the challenges of
in vivo estimation of the material properties of the heart in general. A fundamental chal-
lenge of this problem, and any similar in vivo characterization problem, is the limitations of
available measurement data. For the case of PH [27, 26], clinically available information for
a given patient may include standard (i.e., untagged) cardiac magnetic resonance imaging
(MRI) stacks that can be used to reconstruct an estimate of the three-dimensional shape
of the heart at various points in the cardiac cycle (often 10-20) and right heart catheteri-
zation measurement of the corresponding intraventricular pressure throughout the cardiac
cycle. Thus, full understanding of the excitation (i.e., hemodynamics) is not known, which
is a potential source of error, and direct measurement of displacement/deformation, which
is often the measurement information used for a mechanical characterization problem, is not
available. Such challenges are relatively common for in vivo estimation of any tissue
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properties, and yet, over the years there have been several research efforts to develop tech-
niques for in vivo estimation of mechanical material properties (e.g., elastic material param-
eters) of the heart wall.
Due to the described limitations in measurement information, analytical or other direct
approaches to estimate the solution to the inverse problem of characterizing the heart wall
properties are normally intractable. Therefore, a common inverse solution procedure imple-
mented has been to cast this inverse characterization problem as an optimization problem.
In this optimization-based approach the material properties are estimated by minimizing a
measure of the difference between the heart deformation derived from the medical imaging
and that estimated by a simulation of the heart deformation that depends upon the mate-
rial properties. One example of an optimization-based inverse characterization approach for
the heart wall is the work by Asner et al. [6] that estimated active and passive mechanical
properties for a left ventricle (LV) model of the heart by minimizing the difference between a
finite element representation of the LV response over a cardiac cycle and the displacement of
the LV wall and cavity pressure estimated from experimental measurements. Gao et al. [28]
similarly characterized passive mechanical material parameters for the LV by minimizing the
difference between the measured chamber volume and strain values in the heart wall and
those estimated by a finite element representation. Although the majority of studies to-date
have focused on the LV, and thus, only included the LV geometry in the forward model
similarly to the previous references [7, 45, 29, 44, 52, 46, 65], some work has considered ven-
tricular interaction and characterized properties for more than just the LV [66, 50, 55]. For
example, the work by Wong et al. [66] used a bi-ventricle model that included both the LV
and RV combined, and characterized material properties for the LV, RV, and a predefined
infarcted region. The work of Rama and Skatulla [55] established a computationally efficient
strategy to characterize mechanical properties of the heart wall and considered examples of a
single ventricle (i.e., only LV) and bi-ventricle system, although all examples used artificially
generated geometries (i.e., geometries were not derived directly from the segmentation of
actual human imaging data).
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One particular source of variation in previous studies on inverse characterization of heart
wall properties is the use/processing of the measured data and type of objective function
used in the optimization process. In some examples, the optimization process sought to
match the measured cavity volume and/or pressure-volume relationship [29, 50, 55], which
is a relatively small amount of data if trying to resolve a relatively large number of material
parameters. Other studies have included objective functions based on matching the measured
displacements and/or strains (and functions thereof) of the heart as it deforms [7, 45, 66,
28, 44, 6, 52, 46, 65]. However, measures of displacement or strain can be challenging to
obtain, especially in a clinical setting, with current clinical imaging (through MR tagging
or otherwise) not generally capable of detailed three-dimensional strain or displacement
measurement. Alternatively, using more traditional imaging data (i.e., without tagging)
may require a substantial pre-processing step to estimate strain or displacement from the
imaging data, which could add computational expense and potentially be another source
of error in the inverse solution estimation process. In contrast, a recent prior study by the
authors [71] has presented a strategy to use the shape of the heart alone, without further
preprocessing, as the target within the objective function of the inverse material property
estimation procedure. Using in silico tests with simulated inverse characterization problems,
the shape-based estimation procedure was shown to be capable of accurately estimating the
magnitude of elastic material properties for a basic heart model as well as some amount
of spacial variation in the properties. However, the approach was not previously tested on
complete in vivo data for a heart, particularly as the prior study did not include a method to
account for organ-level motion of the heart (i.e., rotation and translation) that would occur
during the cardiac cycle.
This paper presents a novel clinically applicable approach to inversely estimate the in
vivo mechanical material properties of the human heart, particularly the RV. This approach
extends the prior work of the author on shape-based inverse characterization by including
a strategy to account for the organ-level motion of the heart, and includes a method to
evaluate the degree of heterogeneity of the material properties that can provide consistent
estimates without the need for regularization. It should be noted that few of the previous
studies have considered in vivo estimation of heterogeneous properties (i.e., only considered
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a homogeneous heart wall) and even fewer considered more than 2 or 3 discrete regions of
property variation. The capability of this inverse estimation approach is evaluated through
the application to two clinically obtained datasets of standard cardiac MRI data and mea-
sured hemodynamics to estimate elastic material parameters throughout the left and right
venrtricles. In particular, the ability to consistently identify elastic material parameters that
agree with clinical expectations relating to the effect of PH on the human heart is shown. The
following Section presents the overall inverse solution estimation algorithm. Then, Section
4.3 details the two clinical datasets used and shows and discusses the material property esti-
mation results obtained from the inverse solution estimation algorithm. Lastly, conclusions
and potential future directions are presented.
4.2 In Vivo Right Ventricle Inverse Material Characterization Algorithm
The overall inverse solution procedure utilized herein is based upon ongoing work of
the authors to develop a shape-based strategy to inversely estimate mechanical properties of
biological structures, particularly focused on the human heart [71]. In particular, the solution
procedure follows the standard pattern of a PDE-constrained optimization method (i.e.,
model updating approach) for estimation of inverse problem solutions [8]. Figure 19 shows a
flowchart of the overall inverse solution estimation procedure. The inputs to the algorithm
are the cardiac images of the heart at end diastole and end systole and the associated
intraventricular pressure within both ventricles at end diastole. The end systole images and
intraventricular pressures are used to create a bi-ventricle model of the heart to estimate the
patient specific, in vivo, passive (i.e., filling) ventricular behaviour, ending at end diastole
(i.e., forward model). The end diastole images are used to estimate the shape of the right
ventricle endocardial surface (RVES), which is the “target data” for the inverse solution
estimation procedure. Provided with an initial guess for the material properties of the
ventricular wall, iterative optimization is then applied. Within the optimization procedure,
the difference between the target RVES shape and the RVES shape estimated by the bi-
ventricle model is quantified and used to iteratively update the estimate of the material
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Figure 19: Flowchart of the overall optimization-based inverse solution estimation procedure.
properties until the solution converges or a termination criteria is reached. The remainder
of this section provides further details of how each step was implemented in the current
study, including the medical image processing, the forward problem to estimate the diastolic
function, the objective function of the optimization procedure, and the proposed method
of spatial parameterization of the material properties to be inversely estimated and the
associated solution algorithm.
4.2.1 Image Processing
The proposed inverse estimation approach can be applied to any imaging modality, as
long as three-dimensional representations of the right and left ventricle geometries can be
estimated at phases in the cardiac cycle approximating the beginning of diastole (chosen as
the end systole phase herein) and the end of diastole. The tissue volume of the left and
right ventricles was extracted at end systole to be utilized by the forward modeling (detailed
in the following section). However, as the present study is focused on characterizing the
right ventricle due to the application of interest being pulmonary hypertension, only the
right ventricle endocardial surface at end diastole was extracted to serve as the target shape
in the inverse estimation procedure. Only the RV was considered since, as was noted in
the introduction, the RV properties are the standard focus for evaluation of pulmonary
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hypertension. Prior analyses by the authors [71] found that by targeting only the ventricle
of interest, accurate properties can be obtained for that ventricle, while reducing sensitivity
to the other portion that is considered unimportant. Another reason that the insensitivity to
the left ventricle properties is important is that only the RV intraventricular pressure would
normally be measured directly by cathetrarization for subjects with pulmonary hypertension,
whereas the left ventricle intraventricular pressure would only be estimated from indirect
measures (e.g., cuff measurement). Only the endocardial surface was used for the target
shape, since this surface is normally more accurately estimated from imaging due to the
blood boundary. Moreover, initial tests indicated there was little benefit to including the
full ventricular wall thickness for estimating the desired properties, particularly as near
incompressibility can normally be assumed.
For the work herein, both the end systolic bi-ventricle geometry and the end diastolic
RVES were manually segmented and smoothed using the commercial image processing soft-
ware Simpleware 1 under the supervision of a trained cardiologist. The segmentation included
both ventricles from the apex to approximately the basal plane, and a standard recursive
and discrete Gaussian filter was used to smooth all surfaces. A 4-node tetrahedral mesh was
generated for the bi-ventricle geometry that was suitable for subsequent forward model nu-
merical analysis, while a simple point cloud representation of the RVES was sufficient for the
shape comparison in the optimization, as detailed in the following two Sections, respectively.
4.2.2 Forward Problem to Estimate Diastolic Function
The patient-specific bi-ventricle geometry extracted at end systole from the medical
images was combined with the patient-specific intraventricular pressure at end diastole and
implemented in a standard quasi-static nonlinear finite element analysis to estimate the
diastolic function of the heart. In all cases, standard convergence tests were performed to
ensure the mesh size was sufficiently small for accurate simulation. Although a bi-ventricle
model is a considerable simplification of the cardiac geometry, as noted in the introduction,
single-ventricle and bi-ventricle models have been commonly used in prior studies relating
1www.simpleware.com
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to inverse characterization of properteries of the heart. In addition, using the end systolic
geometry of the heart as the reference/unstressed state is a significant simplification, but is
also consistent with similar studies and noted to be a beneficial choice to ensure consistency
and solution identifiability [6]. An important note is that the methods proposed herein would
not change in any way with a different forward model.
The support conditions included restricting the entire basal plane to have zero displace-
ment in the transverse (i.e., axial) direction. In addition, the inner (i.e., endocardial) bound-
ary of the basal plane of the left ventricle was arbitrarily chosen to have zero displacement in
all directions to prevent rigid body motion, but to still allow flexibility, particularly for the
RV as the key portion of interest. To simulate the passive diastolic process and estimate the
end diastole RVES shape, the respective intraventricular pressures were applied uniformly
to the left and right ventricles. Thus, it was assumed that capturing the blood flow was
unnecessary to estimate the RVES shape at end diastole, which is again consistent with
similar studies.
A quasi-incompressible transversely isotropic version of a Fung model shown in Guccione
et al. [32] was chosen for the bi-ventricle constitutive behavior. There are many existing
options for cardiac tissue constitutive models, and it should again be noted that the methods
presented herein could be applied with any chosen forward model. The isochoric portion of
the strain energy function for the chosen material model was defined as:
2Ψ(E) = C0
(
eQ(E) − 1) (4.1)
with
Q(E) = b1E
2
ff + b2(E
2
cc + E
2
rr + 2E
2
cr) + b3(E
2
fc + E
2
fr) (4.2)
62
where E is the Green-Lagrange strain tensor with the indices f , c, and r referring to the
fiber direction, cross-fiber in-plane direction, and radial direction, respectively, and C0, b1,
b2, and b3 are the material parameters. In all analyses, the plane of isotropy was manually
selected to coincide with the plane transverse to the thickness direction of the ventricular
wall. To simplify the inverse problem and reduce the number of unknown material parame-
ters, the relationship between nonlinearity parameters used in Genet et al. [29] was applied,
such that b1 = B0, b2 = 0.4B0, and b3 = 0.7B0. Therefore, two parameters were needed to
define the patient-specific material behaviour, the stiffness-related parameter, C0, and the
nonlinearity-related parameter, B0. As such, the work herein was focused on the capability
to inversely estimate the spatial variability of these two material parameters.
4.2.3 Shape-Based Objective Function
As noted previously, a major challenge/objective of the proposed inverse estimation ap-
proach was to be applicable to standard untagged medical imaging data, as would be obtained
at present during evaluation of a disease such as pulmonary hypertension. Therefore, dis-
placement and any derived quantify from displacement (e.g., strain) would not be directly
available to target with the inverse estimation procedure. To account for this challenge
without the need for additional processing steps to estimate displacement/deformation, the
inverse solution procedure herein is based upon utilizing shape directly. The main component
of this approach is the use of a modified version of the Hausdorff distance [21] to quantify
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the difference between the target RVES shape and the shape of the RVES predicted by
the forward problem with the current estimate of the material properties as:
Hd (Si, Sj) = max (M (Si, Sj) ,M (Sj, Si)) (4.3)
with
M (Si, Sj) =
1
Ni
Ni∑
n=1
min
~pjm∈Sj
∥∥~pin − ~pjm∥∥ , (4.4)
where Ni is the total number of discrete points in the i
th shape, ~pin is the vector of cartesian
coordinates for the nth point on the ith shape, and ‖ · ‖ is the standard Euclidean distance
operator. The Hausdorff distance was chosen, not only because of the relatively frequent use
in shape comparison/matching applications, but also because of its intuitive nature and ease
of implementation. The Hausdorff distance is a point-to-point matching (i.e., corresondence-
based) method, with the modified version used here finding the average of the closest pairings
between all the points on each shape.
A major component of this shape comparison approach that has not yet been addressed
in prior work is that there would be an additional error if the Hausdorff distance metric
was applied directly to compare the RVES at end diastole estimated by the forward model
described with that extracted from the medical imaging. This additional error is due to
the inability of the forward model to account for the organ-level (effectively rigid body)
motion of the heart. To account for this discrepancy, standard iterative closest point (ICP)
registration [16] was applied to estimate the rigid rotation and translation of the heart to
match the RVES shape prior to applying the Hausdorff distance. This additional registration
step allows the use of a substantially simplified representation of the heart (such as the bi-
ventricle model described), while allowing the inverse solution procedure to focus primarily
on the wall deformation, which is what the material parameters to be determined defines.
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Combining the registration and the Hausdorff distance, the objective function to compare
the estimated RVES shape, Ssim, with the target RVES shape, Starget, based on an estimated
set of material parameters, ~γ, could be written as:
J(~γ) = Hd ((R× Ssim(~γ) + T ) , Starget) , (4.5)
where R and T are the ICP rotation and translation operators, respectively.
4.2.4 Parameterization of Material Properties and Solution Algorithm
The approach described to this point would be applicable to any constitutive model and
parameterization of the associated material parameters. However, as noted, the work herein
was particularly focused on the ability to consistently estimate spatial variations in the
material properties of the ventricular wall. There are several different approaches that have
been used to define the spatial distribution of material properties in similar applications, such
as elastography [64]. These approaches generally vary depending on how much information
can be assumed a priori about the distribution. For example, some studies have assumed
that properties will only have localized variations and used a radial basis function description
of the spatial distribution [4]. Alternatively, studies have often used very generalized mesh-
based parameterization, where each element of a finite element-type mesh of the solid can
have different values of material parameters [30]. Although generally applicable, these mesh-
based approaches typically require some form of regularization that penalizes relatively large
spatial variations in the parameters to obtain consistent and physically reasonable solutions.
To utilize a relatively generalized description of the spatial distribution without requiring
additional regularization terms in the objective function, this study proposes an iterative ap-
proach to incrementally increase the spatial complexity of the material property distribution
until the solution converges to a sufficiently accurate estimate of the heart behavior. In this
approach, the optimization procedure is first applied assuming homogeneous properties and
a randomly generated initial guess for the parameter values to inversely estimate the material
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parameters that minimize the shape-based objective function. The geometry is then divided
into multiple pieces and the optimization procedure is applied again, with the initial guess
for the now multiple sets of parameters being the values estimated by the prior optimiza-
tion assuming homogeneous properties. The procedure is repeated, each time increasing the
number of regions allowed to have different material parameters and using the prior solution
as the initial guess for a new optimization. The process ends when the estimated and target
shapes sufficiently match, the solution no longer improves with increasing heterogeneity, or
a maximum number of iterations is reached.
A final note is that any preferred optimization strategy can be used for each iteration to
find the material parameters that minimize the shape-based objective function. Specifically,
the interior point gradient-based optimization algorithm [14] with finite difference gradient
approximation was applied to solve the optimization problem in the present study, with the
specific solver parameters and stopping criteria provided in the example section. Algorithm 1
summarizes the entire inverse solution procedure to estimate the ventricular wall mechanical
material properties.
4.3 Clinical Examples
Two anonymized patients that were clinically evaluated for potential heart disease were
used as example cases to evaluate the capability to achieve consistent estimations of the
ventricular wall mechanical material properties and validate the clinical applicability of the
proposed inverse solution estimation approach. Cardiovascular magnetic resonance (CMR)
images from two randomly chosen patients who underwent both CMR and right heart
catheterization within a 2-day period were utilized. One patient was diagnosed with having
pulmonary hypertension (i.e., a mean pulmonary arterial pressure greater than 25 mmHg),
with a mean pulmonary arterial pressure of 49 mmHg, while the other patient was non-
hypertensive with relatively normal heart function and a mean pulmonary arterial pressure
of 23 mmHg. The RV ejection fraction of the non-hypertensive patient was in the range
expected for normal function at approximately 50%, while the hypertensive patient had an
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Algorithm 1 - In vivo ventricular wall material characterization algorithm.
Input: A bi-ventricle model of diastolic function (i.e., the forward model) and a target end
diastolic RVES shape
Output: The ventricular wall material property distribution
1: Guess the initial material parameters for a homogeneous distribution of material prop-
erties
2: while the number of iterations is less than the maximum iterations do
3: while the number of sub-iterations is less than the maximum sub-iterations do
4: Simulate the forward model and extract the estimated RVES shape
5: Register the estimated RVES shape to the target RVES shape
6: Calculate the modified Hausdorff distance between the registered estimate and
target RVES shapes
7: if the optimization stopping criteria is met then
8: break
9: else
10: Update the material parameters according to the chosen optimization pro-
cedure
11: end if
12: end while
13: if the difference metric value or change in value between iterations is below the chosen
tolerances then
14: break
15: else
16: Divide the bi-ventricle geometry, increasing the number of spatial variations (i.e.,
parameters)
17: end if
18: end while
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(a)
(b)
Figure 20: (a) The volumetric mesh of the end systolic bi-ventricle geometry and (b) the
surface mesh of the end diastolic right ventricle endocardial surface corresponding to the
non-hypertensive patient.
ejection fraction of only 25%, indicating a significant deterioration in RV function for the
hypertensive patient. It is important to note, however, that since the data used was acquired
clinically, both patients were symptomatic, even though only one patient was diagnosed with
pulmonary hypertension. Based on prior research examining the relationship between pul-
monary hypertension and right heart mechanics [61], the right ventricle of the patient with
pulmonary hypertension would be expected to have a higher stiffness than the right ventricle
of the non-hypertensive patient.
4.3.1 Data Acquisition and Processing
Images were acquired for both patients using a 1.5-Tesla Siemens Magnetom Espree
(Siemens Medical Solutions, Erlangen, Germany) equipped with a 32-channel cardiac coil.
Standard breath-held cine imaging was acquired with steady-state free precession in the
short axis orientation spanning the base to apex (6 mm slice thickness, 4 mm skip). Typical
imaging parameters included 30 phases per R-R interval, matrix 256 by 144, flip angle 51◦,
TE 1.11 ms, and acceleration factor 3. Figures 20 and 21 show the bi-ventricle models at
end systole and the target RVES at end diastole generated from the non-hypertensive and
hypertensive patients’ imaging data, respectively. As would be expected based on normal
progression of pulmonary hypertension, the right ventricle of the hypertensive heart (seen
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(a) (b)
Figure 21: (a) The volumetric mesh of the end systolic bi-ventricle geometry and (b) the
surface mesh of the end diastolic right ventricle endocardial surface corresponding to the
hypertensive patient.
on the left side of bi-ventricle models) is considerably larger and more “D”-shaped than
the non-hypertensive heart, which maintains a crescent shaped and relatively small right
ventricle.
The RV intraventricular pressures (as measured through catheterization) that were ap-
plied to simulate the diastolic process were 6 mmHg and 26 mmHg for the non-hypertensive
and hypertensive patients, respectively, while the LV intraventricular pressures were arbi-
trarily set to a normal human value of 12 mmHg.
4.3.2 Optimization Procedure
As noted previously, a standard interior point gradient-based optimization procedure was
applied to minimize the difference between the target RVES at end diastole extracted from
the imaging data and that estimated by the bi-ventricle model. The stopping criteria for
each minimization iteration was when the Euclidean norm of the change in parameter values
was less than 10−25 or the number of iterations exceeded 50. In addition, Figure 22 shows
how the heterogeneity of the bi-ventricle model was incrementally increased throughout the
solution procedure, showing the hypertensive patient as a representative example. For both
patients, following the initial homogeneous property estimation, the model was divided into
three regions approximately corresponding to the RV free wall, the LV free wall, and the
69
(a) (b) (c) (d)
Figure 22: The bi-ventricle geometry corresponding to the non-hypertensive patient showing
(by colour change) the various divisions of the spatial distribution of the material proper-
ties evaluated, including (a) one division (i.e., homogeneous), (b) three divisions, (c) five
divisions, and (d) nine divisions.
septum, with independent material parameters determined for each region. In subsequent
steps only the RV and septum regions were further divided, keeping the LV as a simpler
single region-case again based on the lack of importance and sensitivity of the LV properties.
After analyzing the three-region case, the model was divided so that independent material
parameters were estimated for the LV free wall and anterior and posterior portions of the
RV free wall and septum (i.e., five regions). Lastly, the model was divided into nine regions
corresponding to the LV free wall and upper and lower portions of the anterior and posterior
portions of the RV free wall and septum, which was the point at which both patients were
observed to converged with respect to the heterogeneity.
To obtain the initial homogeneous solutions, parameter values for the stiffness param-
eter (C0) and the nonlinearity parameter (B0) were randomly generated from uniform dis-
tributions within physiologically feasible ranges of [0.6, 3]kPa and [8, 30], respectively. The
optimization process was repeated five times for the homogeneous solutions, with a new
randomly generated initial guess each time to evaluate/ensure the solution consistency.
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Table 9: Homogeneous material parameter values estimates for the non-hypertensive and
hypertensive patients, as well as the associated modified Hausdorff distance (Objective Func-
tion) value following optimization.
Non-Hypertensive Hypertensive
C0 (kPa) B0 C0 (kPa) B0
Material Parameters 1.06 10.75 1.20 13.46
Objective
Function (mm) 2.53 3.62
4.3.3 Initial Homogeneous Solutions
Table 9 shows the “best” (i.e., lowest objective function value) parameter estimates for
each patient from the five trials with randomly generated initial guesses and the correspond-
ing Hausdorff distances. However, an important note is that all five of the randomly gener-
ated initial guesses for the material parameters resulted in approximately the same values
for the final homogeneous estimate of the material parameters. To explore the consistency
of the solution estimates further, Figure 23 shows the response surface (i.e., the value of the
Hausdorff distance error metric) comparing the target end diastole surfaces to the estimated
surfaces for values of the two material parameters within the given physiological bounds for
the two patients. Both response surfaces could be considered smooth, with the surface corre-
sponding to the hypertensive patient being less smooth than the non-hypertensive patient’s
surface. Both surfaces have troughs with values near to the minimum on the surfaces, which
is due to the near non-uniqueness of the constitutive model parameters. However, for these
examples, the minimum values on the surfaces were unique for both patients. More impor-
tantly, both response surfaces appear to be convex, which explains why the optimization
process was able to consistently traverse the parameter space to identify nearly the same
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(a)
(b)
Figure 23: The modified Hausdorff distance (Objective Function) corresponding to a range
of material parameter values for (a) the non-hypertensive and (b) hypertensive patients.
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solutions each time. The consistency of the homogeneous estimate is particularly impor-
tant as a consistent homogeneous estimate means that the entire algorithm will produce
consistent estimates for the material parameters, even as the heterogeneity increases.
Again considering Table 9, the Hausdorff distances for the patients are both relatively
small, with the results being that the average distance from any point on the target end di-
astole surfaces and the nearest points on the surfaces approximated with the final parameter
estimates was approximately 2.5 mm for the non-hypertensive patient and 3.6 mm for the
hypertensive patient. To provide context, a conservative estimate (i.e., lower bound) of the
representative length of the internal volume of either RV is approximately 7 cm. Therefore,
the maximum shape matching error is no more than 5% of a representative dimension. Thus,
it can be inferred that even this simplest version of the substantially simplified cardiac model
(in contrast to the actual human heart) could accurately estimate the shape change occurring
for each patient during the diastolic process. However, the noticeably higher error for the
hypertensive patient does indicate that there is likely additional model error for this patient.
Unfortunately, it cannot be said whether this higher error for the hypertensive patient would
be related to the material model, boundary conditions, or physical processes included (e.g.,
the neglected flow), but just that one or more of these deviations from the real system are
more significant to the hypertensive patient than the non-hypertensive patient.
Comparing the parameter estimates for the two patients, both the stiffness parameter and
the nonlinearity parameter are greater for the hypertensive patient than the non-hypertensive
patient. To better understand the effect of these parameter differences, Figure 24 shows a
plot of uniaxial stress versus uniaxial strain corresponding to the two parameter sets for strain
values from 0 to 0.16, which was a larger strain magnitude than the maximum observed in
the simulations. These material parameter results are consistent with the expectation that
pulmonary hypertension leads to a heart wall (particularly the RV) with higher stiffness
than a non-hypertensive heart, which instills further confidence in the results as they are
consistent with physiological expectations.
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Figure 24: Uniaxial stress versus uniaxial strain corresponding to the inversely estimated
homogeneous material parameters for the non-hypertensive and hypertensive patients.
4.3.4 Evaluation of Heterogeneity
As noted previously, the optimization procedure for both patients converged at nine di-
visions of the spatial distribution of material parameters. This means that the Hausdorff
distances were not able to be further minimized for nine spatial divisions of properties, and
the solutions with five spatial divisions of the properties were the final estimate for the inverse
estimation algorithm. Tables 10 and 11 show the “best” parameter estimates for each spatial
region for each patient and the corresponding Hausdorff distances for the iteration of the
inverse solution estimation algorithm with three spatial divisions and five spatial divisions,
respectively. As the algorithm increases the number of spatial divisions, the parameter
values corresponding to each region significantly change while the corresponding Hausdorff
distance error metric decreases, indicating that the algorithm was capable of traversing the
solution space up until the point of convergence in terms of the number of spatial divisions.
The amount of reduction in Hausdorff distance was relatively small, particularly in compari-
son to the magnitude of the parameter changes. However, the relatively small change in the
error metric does not mean that the introduction of the heterogeneity was not important to
accurately estimating the actual properties of the heart. The relative reduction in an error
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Table 10: Parameter values estimates for the 3 spatial regions of the non-hypertensive and
hypertensive patients corresponding to the left ventricle free wall (LVFW), the right ventricle
free wall (RVFW), and the Septum, as well as the associated modified Hausdorff distance
(Objective Function) value following optimization.
Non-Hypertensive Hypertensive
C0 (kPa) B0 C0 (kPa) B0
LVFW 1.47 13.83 1.50 14.56
RVFW 1.10 24.92 1.24 10.38
Septum 0.94 11.15 1.50 12.25
Objective
Function (mm) 2.52 3.61
metric for inverse problems such as this is not necessarily proportional to the increase in
accuracy of the property estimate, and a small change in error may result in a substantial
change in accuracy.
It is worth noting that a potential limitation of the algorithm employed is that it is
certainly possible that a more accurate estimation could be obtained with a higher number
of spatial divisions and/or a different form of spatial division. But, increasing the number of
spatial divisions would likely lead to increasing non-uniqueness, would substantially increase
the computational expense, and may do so for a relatively small and unnecessary increase in
resolution. Yet, the critical point for the algorithm used is that since the homogeneous prop-
erty estimates were consistent, then the final heterogeneous property estimates, including
both the number of spatial divisions and the parameter values for each spatial region were
consistent (i.e., a significantly different solution could not be produced using this algorithm)
for both patients.
To examine the physical interpretation of the heterogeneous property results, the stress-
strain relationships were again examined, with Figure 25 showing the uniaxial stress versus
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Table 11: Parameter values estimates for the 5 spatial regions of the non-hypertensive and
hypertensive patients corresponding to the left ventricle free wall (LVFW), the anterior
(RVFW-A) and posterior (RVFW-P) portions of the right ventricle free wall, and the anterior
(Septum-A) and posterior (Septum-P) portions of the septum, as well as the associated
modified Hausdorff distance (Objective Function) value following optimization.
Non-Hypertensive Hypertensive
C0 (kPa) B0 C0 (kPa) B0
LVFW 1.48 12.42 1.49 18.01
RVFW-A 0.71 8.66 0.77 8.68
RVFW-P 1.50 24.36 1.49 13.26
Septum-A 0.69 8.68 1.50 13.89
Septum-P 0.66 8.92 0.69 9.76
Objective
Function (mm) 2.36 3.23
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uniaxial strain corresponding to all five parameter sets for each of the two patients, again for
strain values from 0 to 0.16. Although properties of the LV are shown and there is a clear
difference between the patients, recall that the LV properties were intentionally insensitive
in the inverse problem, and so should not be considered significant. Instead, focusing on the
RV free wall and septum properties, one immediate observation is that the stiffness of the
RV posterior free wall of the non-hypertensive patient appears to be far greater than any
other component of either patient. However, this may not mean that the material properties
of the non-hypertensive patient’s RV posterior free wall are actually stiffer than the rest of
the heart. Particularly since the material model used was nonlinear, the parameter increase
may simply indicate that the associated portion of the heart deforms less than the others.
To examine the deformation of both hearts predicted by the bi-ventricle models with the
estimated material parameters, Figure 26 shows the distribution of the maximum principal
strain of each heart at end diastole. Overall, the non-hypertensive patient’s heart deforms
considerably more than the hypertensive patient’s heart, which is expected based on the
considerably lower RV ejection fraction corresponding to the hypertensive patient. However,
the deformation (i.e., strain) of the non-hypertensive patient’s heart is also considerably
more non-uniform, and the RV posterior free wall of the non-hypertensive patient deforms
approximately an order of magnitude less than the rest of the heart. One possibility for
this regional difference in deformation could be additional stiffness in the real system that
is provided by the valve in that region of the heart or other connective tissues that are
not accounted for in the bi-ventricle model, or simply error due to the simplified boundary
conditions used to support the bi-ventricle model in general. This difference in amount of
deformation is important, as it emphasizes a major limitation in all types of in vivo material
characterization. The characterization algorithm is limited by the excitation that happens
naturally in vivo. Since one portion of the heart is not excited substantially for the estima-
tion herein, then the estimation of the corresponding parameters/properties should not be
relied upon as a predictive measure of the actual wall properties in the same way as can be for
the other regions that experience more deformation. Thus, comparing the regions of the two
heart walls (non-hypertensive and hypertensive) that experience relatively large deforma-
tion, the properties of the hypertensive patient’s heart are considerably more non-uniform,
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(a)
(b)
Figure 25: Uniaxial stress versus uniaxial strain corresponding to the inversely estimated
material parameters for the five divisions of the heart wall approximating the LV free wall,
anterior and posterior portions of the RV free wall, and anterior and posterior portions of
the septum for the (a) non-hypertensive patient and (b) hypertensive patient.
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(a)
(b)
Figure 26: Distribution of the maximum principal strain at end diastole for the bi-ventricle
models with the final estimates of the material parameters for the (a) non-hypertensive
patient and (b) hypertensive patient.
especially considering the relative uniformity of the deformation of the hypertensive heart.
While the properties of two portions of the hypertensive patient’s heart, the anterior of the
RV free wall and the posterior of the septum, were relatively similar to the properties of the
non-hypertensive patient’s heart, the properties of the other two regions were nearly doubled
(i.e., the stiffness was approximately doubled). As for the previous homogeneous property
estimate, the relatively higher stiffness of the hypertensive patient’s heart is consistent with
clinical expectations. However, the relative non-uniformity of the material property estimate
for the hypertensive patient’s heart and the specific regions that were more stiff than others
was not necessarily expected. Substantial work remains to test and potentially develop the
in vivo material characterization algorithm further, particularly to investigate patient sets of
substantive size. Yet, such revelations relating to heterogeneity are exactly what this inverse
material characterization algorithm is intended for, as the identification of regional variations
in the heart wall properties may help to discriminate between hearts that are adapting well
or poorly to pressure overloads, along with when and how intervention can be most effective.
79
4.4 Conclusions
A strategy has been presented to extend a shape-based inverse material characteriza-
tion algorithm to be used for estimation of the in vivo mechanical material properties of
the heart from standard clinical imaging and hemodynamic measurements. A key compo-
nent of the inverse estimation algorithm is the use of the shape-based objective function
in combination with a rigid registration process that allows for the use of basic (e.g., un-
tagged) medical imaging data in combination with significantly simplified forward model
representations of the heart mechanical function, while still accounting for the organ-level
rotation and translation. The proposed approach also incorporated a strategy to incremen-
tally increase the degree of heterogeneity to estimate relatively arbitrary spatial variability
of material properties without the need for regularization. Prior work using simulated in-
verse problems has shown that the shape-based objective function could be used within an
optimization-based inverse solution estimation procedure to accurately estimate mechanical
material parameters. Therefore, the present study was focused on the application to real
clinically obtained input and target data for the inverse problem, to evaluate the real-life
applicability, particularly in terms of the potential to obtain consistent and physically mean-
ingful solutions. As such, the proposed approach was applied to two clinically obtained
datasets corresponding to a patient with relatively normal cardiac function and a patient
with severe pulmonary hypertension, and patient-specific pressure-driven bi-ventricle models
were used to estimate diastolic function for the corresponding forward problems. In both
cases, a solution estimate for the distribution of mechanical material properties throughout
the bi-ventricle model was obtained that resulted in an accurate match between the end
diastolic shape extracted from the medical imaging data and that approximated by the bi-
ventricle model. Moreover, the inverse solutions estimates were both nearly unique, largely
due to the procedure to incrementally increase heterogeneity and the observation that the
initial homogeneous property estimates were nearly unique regardless of the starting point
of the optimization. The inverse solution estimates were also consistent with the physical
expectation that the heart corresponding to the patient with pulmonary hypertension would
be stiffer overall, even though less deformation occurs during the diastolic filling. An impor-
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tant observation was that the spatial variation of properties in both hearts was estimated to
be significant, which is at odds with the assumption made in many similar studies on inverse
methods that the properties of the heart wall are homogeneous or have relatively limited
spatial variability. However, one concern that requires further exploration is that the uncon-
trolled nature of the excitation means that some portions of the heart wall contribute more
to the mechanical function than others, and there is substantially more confidence in the
accuracy in estimating the properties of these regions. Other areas of potential future work
include incorporating more complete/realistic forward models, particularly to improve the
realism of boundary conditions and to more realistically represent the cardiac cycle, as well
as improving the generalization of the material property representation while maintaining
or improving computational efficiency.
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5.0 Current Capabilities and Future Direction
For the first portion of the work herein, a statistical shape analysis framework was utilized
to evaluate a unique clinically obtained dataset of patients with and without pulmonary
hypertension (PH). The dataset contained 50 total patients (33 of which had PH) and the
shape analysis was applied to the shapes of the right ventricle endocardial surface (RVES)
of each patient at end diastole and end systole to extract a set of shape features that are
most significant to the dataset of 100 shapes (i.e., describe the features that most vary).
The framework was able to derive shape features of the RVES that have clear correlation to
the state of PH, as seen through quantifying the correlation between modal coefficients (i.e.,
magnitude of shape features) for each patient and the clinical measures used to diagnose PH,
such as pulmonary arterial pressure. These significant shape features were also noted to have
specific and clear physical appearances that corresponded to observations made historically
in clinical settings. Two shape features in particular stood out, one shape feature that
appeared to describe the thickening of the overall RVES and one that appeared to describe
the flattening of the septum, both of which have been previously noted qualitatively to be
linked to the state of PH. Therefore, these shape features may provide a uniquely quantitative
measure to evaluate the presence of PH entirely noninvasively (i.e., only using imaging
and no invasive hemodynamic measures). More importantly, the shape feature relating to
the flattening of the septum was shown to be significantly correlated with the outcome of
the patient, defined by hospitalization with heart failure and/or death. The shape modal
coefficient was seen to be substantially more related to the patient outcome than the measures
used to diagnose PH themselves. Overall, the results of the shape analysis provide strong
evidence that shape of the right ventricle can be used to predict both the state of PH and
the likelihood of adverse outcomes for patients with PH, such as death, and justify further
investigation.
Specific future directions for statistical shape analysis should include efforts to automate
or at least semi-automate the shape analysis procedure, as the current process is both time
consuming and includes several manual steps that can reduce analysis consistency. This effort
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to automate should simultaneously explore the robustness of the shape analysis, seeking to
identify the analysis choices that maximize not just the ability of the results to predict
patient health, but also the consistency of these results regardless of operator, data source,
etc. Once sufficiently automated and robust, this approach should be applied to a large-
scale dataset to solidify a clinically applicable diagnostic and prognostic tool to aid decision
making in the treatment of PH.
The second portion of the work herein focused on the development of a new strategy to
estimate the mechanical material properties of the heart wall, particularly the right ventricle
(RV), towards establishing an alternate measure of RV mechanical function to potentially
complement the shape analysis approach. More specifically, an optimization-based inverse
solution estimation algorithm was developed to estimate the heart wall mechanical material
parameters (e.g., stiffness and nonlinearity parameters) using standard (i.e., untagged) med-
ical imaging data and known internal pressure as excitation. A key component of this inverse
solution estimation approach was the use of a shape-based objective function to compare
the numerically simulated estimate of the heart function to the shape of the heart extracted
from the medical images. By using shape, the approach is a more direct use of available
data and avoids the need for time consuming and potentially error-adding pre-processing to
estimate the displacement or deformation of the heart wall from the imaging data. First, the
algorithm was evaluated through in silico testing (i.e., simulated inverse problems) using a
bi-ventricle (i.e., left and right ventricle combined) finite element model derived from medical
imaging data. The bi-ventricle model was given known heterogeneous material properties
and known internal pressures were applied to simulate the inverse problem target shape.
Then, the inverse solution estimation approach was applied to estimate the material proper-
ties as though they were unknown. These in silico tests showed that accurate estimations of
mechanical material parameters can be obtained targeting only the shape of the deformed
structure, even in the presence of significant model error. Additionally, it was shown that
accuracy of a specific portion of the structure (e.g., the RV) could be increased while simul-
taneously reducing the sensitivity to other unimportant portions of the structure (e.g., the
left ventricle) by only including the shape of the desired portion in the objective function.
Lastly, the inverse solution estimation algorithm was extended to be fully applicable to real
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clinically obtained patient data. In particular, a rigid registration component was incorpo-
rated so that simplified representations of the heart function, such as the bi-ventricle model
used herein, could be used as the forward model in the solution procedure and still account
for the organ-level motion of the heart. In addition, an approach to estimate generalized
heterogeneity of the material properties was implemented that incrementally increases the
degree of heterogeneity of the material properties. This final version of the inverse solu-
tion estimation algorithm was applied to estimate the mechanical material properties of the
right and left ventricles of two patients, one with normal heart function and one with severe
PH, using only standard clinical imaging data and measured intraventricular pressures. The
inverse estimation algorithm was shown to provide highly consistent estimates of the mate-
rial properties, largely due to the consistency of the initial step of estimating homogeneous
properties. The results were consistent with clinical expectation that the patient with PH
would have an overall stiffer RV, providing some validation of the inverse solution estima-
tion algorithm. Moreover, the estimated material property distributions for both patients
predicted a significant degree of heterogeneity, highlighting the importance of considering
spatial variation in mechanical material properties when evaluating the heart.
Although the initial proof-of-concept level results herein are promising, significant work
remains to advance this inverse solution estimation algorithm. In addition to examining more
test cases and incorporating more realistic material properties and boundary conditions into
the forward model, several aspects of the solution procedure should be explored further.
In particular, examination of alternate shape-based objective functionals will be important
to identify an approach that balances solution accuracy, consistency, and computational
efficiency. Similarly to the statistical shape analysis work, it will also be important to
improve automation of the procedure to ensure solution consistency and reduce the time
cost to the user for this type of approach to translate into clincal practice.
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